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THE SEMICLASSICAL RESOLVENT ON CONIC MANIFOLDS AND
APPLICATION TO SCHRO¨DINGER EQUATIONS
XI CHEN
Abstract. In this article, we shall construct the resolvent of Laplacian at high energies
near the spectrum on non-product conic manifolds with a single cone tip. Microlocally,
the resolvent kernel is the sum of b-pseudodifferential operators, scattering pseudodiffer-
ential operators and intersecting Legendrian distributions. As an application, we shall
establish Strichartz estimates for Schro¨dinger equations on non-compact manifolds with
multiple non-product conic singularities.
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1. Introduction
Let C = [0, 1) × Y be a conic manifold with a single cone tip and endowed with a
non-product conic metric g as depicted in Figure 1, where
• the submanifold Y is a compact boundaryless manifold,
• x is the defining function of the cone tip, i.e. ∂C = {x = 0} = 0× Y,
• g is a smooth Riemannian metric outside the vicinity of the cone tip,
• g, in a compact neighbourhood K of ∂C, has the expression,
g = dx2 + x2h(x, y, dy), 1
where h(x, y, dy) = hij(x, y)dy
idyj is a family of smooth metrics on Y with a
smooth parameter x,
• h is stable in K, in the sense,
(1) e = sup
(x,y)∈K
x∂x det(hij(x, y))ij
2 det(hij(x, y))ij
<< n− 1,
• the non-productness of g refers to the dependence of h in x,
• all geodesics in C are simple, i.e. there are no conjugate points. 2
The Friedrichs extension of the Laplacian on C, near the cone tip (i.e. in K), reads
∆C = −∂2x −
(n− 1) + xe
x
∂x +
∆h
x2
,
where ∆h is the Laplacian with respect to (Y, h) with a parameter x. The non-productness
of the metric in x creates the error function e,
(2) e(x, y) =
1
2
∂ log det(hij(x, y))ij
∂x
=
1
2
tr
(
hik(x, y)
∂hkj(x, y)
∂x
)
ij
,
1This can be slightly more general, i.e. we can assume h is also dependent of dx. In fact, one can reduce
the case h(x, y, dx, dy) to the case h(x, y, dy), by choosing appropriate coordinates in a collar neighbourhood
of ∂C. The latter metric is called the normal form of the former metric. See [27, Theorem 1.2].
2This assumption is virtually unnecessary to understand the effect of conic singularities. But conjugate
points cause extra technicalities away from the cone tip, despite being tractable, which are beyond the
scope of the present paper.
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Figure 1. The conic manifold C with a single cone tip
where we denote the inverse matrix (hij)
−1
ij = (h
ij)ij . We view ∆C as an operator acting
on smooth sections of the Riemannian half density bundle of the conic metric g, which
takes the form,
f |dg|1/2 = fx(n−1)/2|dxdy|1/2 ∈ C∞(C; |dg|1/2).
1.1. The semiclassical resolvent. The main problem we want to solve in this paper is
to describe the asymptotic microlocal structure of the resolvent kernel of
(∆C − (λ± ı0)2)−1,
at high energies near the spectrum, i.e. |λ| → ∞.
In the product case i.e. ∂xh ≡ 0, the resolvent kernel can be computed by the method
of separation of variables and expressed explicitly in terms of Bessel functions. See for
example [30, (8.30)]. However, this strategy can not be extended to the non-product case,
as the inhomogeneity of ∆C in x (the presence of the error term e(x, y)) makes an essential
challenge. To overcome this, we shall employ microlocal analysis to symbolically construct
the resolvent kernel.
A natural microlocal approach to tackle this type of high energy problem is to con-
vert the Helmholtz operator into a semiclassical operator by denoting ~ = |λ|−1. This
conversion changes the high energy asymptotic of the resolvent of ∆C to the semiclassical
resolvent of
(3) P~(±ı0) = −~2∂2x −
(n− 1) + xe
x
~2∂x + ~2
∆h
x2
− (1± ı0).
To compare the conic singularity when x → 0 and the semiclassical singularity when
~ → 0, we further introduce r = x/~ and adopt coordinates {(r, ~)} instead of {(x, ~)}.
The semiclassical operator P~(±ı0) will lift to
P˜~(±ı0) = −∂2r −
(n− 1) + e˜r
r
∂r +
∆h
r2
− (1± ı0),
where the lifted error term is
e˜(~, r, y) = ~e(~r, y).
We consider the incoming operator
(4) P˜~ = −∂2r −
(n− 1) + e˜r
r
∂r +
∆h
r2
− (1 + ı0).
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The operator P˜~ now lives in a space with an artificial infinity and exhibits distinct
behaviours around the two endpoints {r = 0} and {r =∞} :
• For small r, P˜~ reduces to a b-operator, Pb = rP˜~r, where
(5) Pb = −(r∂r)2 − re˜(r∂r) + ∆h − re˜(1− n/2)− r2(1± ı0) + (1− n/2)2.
To see this, one has to note that P˜~ acts on the conic half densities, whilst the
b-operator Pb acts on the b-half densities f |drdy/r|1/2 ∈ C∞(bΩ1/2). By changing
half densities, we have
Pb
(
f
∣∣∣drdy
r
∣∣∣1/2)
= r−n/2
(
r1+n/2
(
− ∂2r −
(n− 1) + e˜r
r
∂r +
∆h
r2
− (1 + ı0)
)
r1−n/2
)(
f |dg|1/2)
=
((
− (r∂r)2 − re˜(r∂r) + ∆h − re˜(1− n/2)− r2(1 + ı0) + (1− n/2)2
)
f
)∣∣∣drdy
r
∣∣∣1/2.
• For large r, P˜~ turns out to be a (scattering) sc-operator. To see this, we change
coordinates by making ρ = r−1. Since ∂r lifts to −ρ2∂ρ, this transformation yields
(6) Psc = −(ρ2∂ρ)2 +
(
(n− 1)ρ− ˜˜e(x, ρ, y)
)
ρ2∂ρ + ρ
2∆h − (1 + ı0), for ρ→ 0,
where the error term reads
˜˜e(ρ, x, y) = e˜(~, r, y)|~=ρx, r=1/ρ = ρxe(x, y).
This operator acts on the sc-half densities f |dρdy/ρn+1|1/2 ∈ C∞(scΩ1/2).
The operators Pb and Psc fit into Melrose’s framework of differential analysis on man-
ifolds with corners. Specifically, the resolvent of b-operators is a full b-pseudodifferential
operator [24, Chapter 4-6], whilst the resolvent of sc-operators is a scattering pseudodif-
ferential operator [25] plus Legendrian distributions [28, 15, 16].
These observations suggest that the resolvent P˜−1~ can be constructed by the following
scheme:
• use the full b-calculus to construct a local parametrix Gb for P˜~ = r−1Pbr−1 with
a compact remainder Eb for small r;
• use the sc-calculus and Legendrian distributions to construct a local parametrix
Gsc for Psc with a compact remainder Esc for large r;
• improve the parametrices by understanding the transition between the b-regime
(small r region) and the sc-regime (large r region);
• use Fredholm theory to get the true resolvent from these local parametrices.
Geometrically, the resolvent kernel P˜−1~ has to live in a multi-stretched version of
C2 × [0, 1) to incorporate these distinct microlocal structures. It is well-known that Mel-
rose’s framework of differential analysis on manifolds with corners, including b-calculus
and sc-calculus, rests on some stretched spaces to desingularize the corners and express
the resolvent kernel smoothly. However a simple combination of the sc-stretched and
b-stretched spaces is insufficient to address the transition between the two regimes. Mo-
tivated by an unpublished idea of Melrose-Sa´ Barreto, previously used in [11, 12, 13, 19],
we perform additional blow-ups on C2 × [0, 1) and end up with the multi-stretched space
Msc,b,0 defined in (13). In such a space, the b-regime {r < 1}∪ {r′ < 1} and the sc-regime
{ρ < 1} ∩ {ρ′ < 1} are divided at the boundaries by the dash curve in Figure 6.
We shall construct the semiclassical resolvent as follows.
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Theorem 1. Let χb and χsc be smooth bump functions on Msc,b,0 supported near the
b-regime and the sc-regime respectively, but also a partition of unity χb + χsc = 1. The
resolvent kernel R of P˜~ is a distribution on Msc,b,0 consisting of
• Rb = χbR is a distribution supported near the b-regime such that
– Rb is a b-pseudodifferential operator near the diagonal,
– Rb is polyhomogeneous conormal to lb and rb,
– Rb vanishes to order 2 at bf, to order n/2 at lb and rb, to order (n− 1)/2 at
lb0 and rb0;
• Rsc = χscR is a distribution supported near the sc-regime such that
– Rsc is a sc-pseudodifferential operator near the diagonal,
– Rsc is intersecting Legendrian distributions associated with geometric Legen-
drians L and diffractive Legendrians L] over mf ∪ lf ∪ rf,
– Rsc, in the non-product case i.e. e 6≡ 0, exhibits additional oscillations, de-
termined by the error function e, near lf, rf, and L] respectively,
– Rsc vanishes to order (n− 1)/2 at both lf and rf.
The precise statement of the resolvent kernel will be given in Theorem 20. The geometry
of Msc,b,0 will be described in Section 2. The involved microlocal machinery will all be
defined in Section 3-5. It is also worth pointing out that the stability condition (1), i.e.
xe(x, y) << n − 1, is essential to dominate the additional oscillations near lf, rf, and L].
Otherwise it will go out of control and produce excess singularities.
Such a resolvent is inspired by a model problem, the resolvent construction at finite
energies on non-compact metric cones, due to Guillarmou-Hassell-Sikora [13]. The non-
compact metric cone C = [0,∞]×D features a global metric
g = dx2 + x2h(y, dy)
with h independent of x ∈ [0,∞] (in contrast with our local non-product case without
infinity). Then the Friedrichs extension of the Laplacian on C reads
∆C = −∂2x −
(n− 1)
x
∂x +
∆h
x2
.
The inhomogeneous e term vanishes in ∆C due to the productness of (C, g). The resolvent
kernel (∆C − 1 ± 0ı)−1 is a full b-pseudodifferential operator near the small end {x =
0, x′ = 0}, and a sc-pseudodifferential operator plus intersecting Legendrian distributions
associated with geometric Legendrians L and diffractive Legendrians L] near the big end
{x =∞, x′ =∞}. See Theorem 18 for a full description.
The Legendrian structure at the big end of C2 is developed from the geodesic flow
at infinity on asymptotically conic manifolds, introduced by Melrose-Zworski [28] for the
scattering matrix, and further formulated by Hassell-Vasy [15, 16] and Hassell-Wunsch
[17] for the resolvent and spectral measure. (Intersecting) Legendrian distributions on the
cotangent bundle restricted to the boundary are the contact analogue of (intersecting)
Lagrangian distributions on the cotangent bundle restricted in the interior of the space,
pioneered by Ho¨rmander [20], Duistermaat-Ho¨rmander [9] and Melrose-Uhlmann [26].
It is useful to note that the productness of h grants the Laplacian ∆C homogeneity
in x. Taking advantage of this, one can get the microlocal structure of the semiclassical
resolvent (~2∆C − 1 ± ı0)−1 on metric cones, which, at the small end, agrees with our
result. This indeed implies that the Legendrian structure of the semiclassical resolvent
over the cone tip, without the additional oscillations in the product case, is related to the
conic singularities over infinity of non-compact metric cones. This observation is essential
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Figure 2. The non-compact manifold X with multiple conic singularities
in the present paper to understand the semiclassical conic singularities over the cone tip
on non-product conic manifolds.
In addition, the Legendrian structure in the sc-regime characterises the singularities of
the conic geometry and diffractions at the cone tip. The Legendrian pair (L,L]) corre-
sponds to the geometric propagation and diffractive propagation, in terms of the language
of Melrose-Wunsch [27]. Microlocally, ’diffraction’ refers to the splitting of singularities
(waves). In the conic geometry, it is well-known that the incoming waves split, at the cone
tip, into geometric propagating waves and diffractive propagating waves. The wavefront
sets of such two beams of waves are indeed inherited from the geometric Legendrian L
and the diffractive Legendrian L] respectively.
The resolvent on this class of local non-product conic manifolds, but away from the
spectrum, has been considered by Loya [22] and lately by Hintz [19]. In the classical case,
Loya introduced the cone calculus to construct the resolvent (∆C − λ2)−1 for | arg λ2| > θ
and |λ| < C. The cone calculus plays the role of b-calculus and sc-calculus discussed
above and establishes a ’global’ elliptic pseudodifferential calculus for the cone Laplacian
away from the spectrum. This idea has been further developed by Hintz for the complex
power of the semiclassical resolvent (~2∆C + 1)−1. The semiclassical resolvent, living also
in the stretched double space of Melrose-Sa´ Barreto type, exhibits only polyhomogeneous
conormal singularities due to the elliptic nature (away from the spectrum), in contrast
with the Legendrian propagation in light of the vanishing boundary principal symbols
(near the spectrum). Combining Hintz’s work and the present paper together will give a
complete description of the semiclassical resolvent on conic manifolds.
1.2. The Schro¨dinger equation. Consider the Schro¨dinger equation on a non-compact
manifold X with multiple conic singularities as in Figure 2. We assume that X is an
n-manifold satisfying
• the boundary ∂X has a finite number of components {∂1X , · · · ∂mX},
• for each i = 1, · · · ,m, there exists an open neighbourhood Ci of ∂iX which is a
conic manifold with a single cone tip ∂iX and endowed with a non-product conic
metric gi = dx
2
i + x
2
ihi(xi, y, dy),
• {C1, · · · , Cm} are pairwise disjoint,
• for each i = 1, · · · ,m, there exists a compact subset Ki ⊂ Ci and a compact ball
Bi ⊂ Rn such that X \
⋃m
i=1Ki is isometric to Rn \
⋃m
i=1 Bi,
• no geometric geodesic passes through three cone tips, where geometric geodesics
are those missing the cone tips and their local limits.
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The Schro¨dinger equation on X with a Cauchy data f ∈ L2(X ) reads
(7)
{
ı∂tu(t, z) + ∆Xu(t, z) = 0, t > 0
u(t, z) = f(z), t = 0
,
where ∆X is the Friedrichs extension of the Laplacian on X . Using the precise semiclassical
resolvent in Theorem 20, we can show
Theorem 2. For any Schro¨dinger admissible pair (q, r), i.e. (q, r) satisfies
r ≥ 2, q ≥ 2, (q, r) 6= (2,∞), 2
q
+
n
r
=
n
2
,
the solution to (7) on X satisfies the short time Strichartz estimates, i.e.
(8) ‖u‖Lq((0,1];Lr(X )) . ‖f‖Hk(X )
where we use the usual notations of L2-Sobolev spaces and space-time norms
Hk(X ) =
{
f ∈ L2(X ) :
[k]∑
l=0
‖Dlf‖L2(X ) +
(∫
X 2
|f(z)− f(z′)|2
|z − z′|2[k]+n dgX 2(z, z
′)
)1/2
<∞
}
,
‖u(t, z)‖Lq(T ;Lr(X )) =
(∫
T
(∫
X
|u(t, z)|rdgX (z)
)q/r
dt
)1/q
,
and the constants k is defined by
k = max
{
e
q(n+ e/2)
, 0
}
(9)
e = max
i=1,··· ,m
{
sup
(xi,y)∈Ki
(
xiei(xi, y)
)}
,(10)
where ei(x, y) is defined by hi(xi, y, dy) in Ki as in (2) and the same constant e is defined
in (1) for the case of single cone tip.
The proof of Theorem 2 integrates several existing techniques, which appeared for exam-
ple in [21, 29, 14, 2, 18]. The strategy involves the TT ∗ argument and Keel-Tao endpoint
method for (8) locally on each Ci as well as (dual) local smoothing for (8) globally on X .
Specifically, we break Theorem 2 into the following steps:
• obtain the structure of the spectral measure dE√∆C(λ) on C by applying the lim-
iting absorption principle to the semiclassical resolvent,
• (micro)localize the spectral measure around the diagonal of C2 by conjugation of
(microlocal) smooth cut-offs on T ∗C,
• prove dispersive and energy estimates on C for the cut-off of the Schro¨dinger prop-
agator eıt∆C , which, through the endpoint method, leads to the local Strichartz
estimates on each Ci ⊂ X ,
• prove Strichartz estimates on X by combining the local estimates on Ci and the
local smoothing estimates on X .
The key ingredient in this program, carrying the information from the conic geometry, is
the microlocal structure of the resolvent/spectral measure on C for large spectral param-
eters.
We also remark that (8) is indeed lossless when e ≤ 0 (i.e. e(x, y) ≤ 0). Otherwise, the
loss k appears to be inevitable. This is because the resolvent P˜−1~ exhibits extra growth
near lf∪ rf ⊂ {~ = 0} as pointed out in the main theorem. Consequently, this produces an
excess energy growth λe/2 as λ → ∞ for the spectral measure dE√∆C(λ) in Proposition
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21, and subsequently an excess time growth t−e/4 as t → 0 for eıt∆C in Proposition 23.
Then the power of time in dispersive estimates is no longer the usual t−n/2 but t−n/2−e/4.
To compensate this larger bound, the Cauchy data thus must bring more regularities.
Alternatively, one can adapt the framework in exterior domains formulated by Burq-
Ge´rard-Tzvetkov [7] and Burq [5, 6] to show Strichartz estimates on X as follows:
• establish the high energy cut-off resolvent estimates,
(11) ‖χ(∆X − (λ± ı0)2)−1χ‖L2(X )→L2(X ) . |λ|−1, |λ| > 1,
for any χ ∈ C∞c (X ),
• make use of the resolvent estimates (11) to show the local smoothing estimates for
the solution to Schro¨dinger equations,
(12)
∫ 1
0
‖χu(t, z)‖2D1/2(X ) dt . ‖f‖L2(X ),
where Ds/2(X ) is the Friedrichs domain of ∆s/2X , which is the Sobolev space Hs(X )
away from the boundary and locally a weighted b-Sobolev space x−n/2+sHsb (X )
near the boundary,3
• prove the Strichartz estimates by utilizing (12) and interpolation.
On X , Baskin-Wunsch [3] established (11) as well as (12). However, this program only
yields Strichartz estimates with a 1/q loss, even if e ≤ 0. This is far less accurate than
(8), since the resolvent estimates (11) do not contain the complete information of the
semiclassical resolvent on each Ci. For example the Legendrian structure described in
Theorem 20 is not addressed by the resolvent estimates. It is the propagation along the
geometric Legendrian that prompts the various oscillations of the resolvent / spectral
measure, and then leads to the dispersive estimates (41).
Strichartz estimates have been proved in a variety of product type conic manifolds in
[10, 4, 2, 31]. Nevertheless, their approaches all rely on the explicit expression of the
Schro¨dinger propagator in terms of Bessel and Hankel functions. In the meantime, it is
also possible to take advantage of the homogeneity in x of ∆C on product metric cone C to
prove Strichartz estimates by using Guillarmou-Hassell-Sikora’s resolvent construction at
finite energies. However, these methods all break down on non-product cones due to the
presence of the error term e in ∆C . Hence Strichartz estimates on non-product type conic
manifolds were still unknown. Theorem 2 indeed solves this open problem by utilizing the
b-calculus and sc-calculus.
Outline. To begin with, the multi-stretched space Msc,b,0 to accommodate the resolvent
kernel will be defined in Section 2. Then the abstract microlocal machinery, including
b-calculus, sc-calculus, Legendrian distributions will be reviewed and applied to Msc,b,0 in
Section 3-5 respectively. To alleviate technicality, we only present what will be needed in
the resolvent construction. The reader is referred to [24, 25, 28, 15, 16] for a complete
and detailed presentation. With these microlocal tools, the local b-parametrix and sc-
parametrix will be constructed in Section 6 and Section 7 respectively. Subsequently,
Section 8 will address the transition between the b-regime and the sc-regime and then
obtain the true resolvent. In the end, we establish Strichartz estimates.
3Here x is a local boundary defining function and the b-Sobolev space Hsb (X ) will be defined in (14).
See [27, Section 3] for details.
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Figure 3. The space M = C2 × [0, 1)
Figure 4. The scattering and b double spaces with blown-up corners
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2. The stretched spaces
We wish to understand the microlocal structure of the resolvent of P~, expressed in (3),
for ~ ∈ [0, 1). We thus view the resolvent kernel P−1~ as living in the space M = C2× [0, 1),
with local coordinates {(x, y, x′, y′, ~)} near the boundaries. See Figure 3.
However, the resolvent kernel is singular near the boundaries of M , as the b-calculus
and sc-calculus suggests, even if the metric is flat. For example, the resolvent kernel on
R3, expressed explicitly by,
(∆R3 − λ2)−1(z, z′, λ) =
e±ıλ|z−z′|
sin(|z − z′|) ,
10 Xi Chen
could be singular when |z − z′| → 0 and |λ| → ∞ simultaneously. To remedy this and
express the asymptotic limit of the kernel explicitly, Melrose pioneered the real blow-
up with respect to a p-submanifold. Given a manifold X with corners, we say Y is
a (product type) p-submanifold if for every point y ∈ Y , there exist local coordinates
{(x1, · · · , xr, y′, y′′)} of X such that
• xi ≥ 0 are boundary defining functions,
• y′ ∈ Rs′ and y′′ ∈ Rs′′ ,
• dimX = r + s′ + s′′,
• Y is locally parametrized by {x1 = · · · = xq = 0, y′ = 0} where q ≤ r.
The real blow-up of X with respect to Y is a new manifold with an extra boundary face,
[X;Y ] = (X \ Y ) ∪ SN+Y,
where Y is replaced by the inward pointing spherical normal bundle SN+Y . The manifold
[X;Y ] is a desingularized version of X, in the sense that the fractions, which appear in
the resolvent kernel, such as xi/ρ for 1 ≤ i ≤ q and y′/ρ where ρ =
√∑q
i=1 x
2
i + |y′|2, lift
to smooth functions in [X;Y ].
The b-differential operator Pb and the sc-differential operator Psc individually act as a
distribution on a manifold Z with local coordinates {(ρZ , y)} near the boundary where
ρZ is a boundary defining function. The kernels of Psc and Pb are defined in Z
2 with two
boundary faces Bl = {(0, y, z′) ∈ ∂Z × Z} and Br = {(z, 0, y′) ∈ Z × ∂Z} as well as a
corner CZ = {(0, y, 0, y′) ∈ ∂Z × ∂Z}. The resolvent kernels of Psc and Pb, in terms of
the sc-calculus and b-calculus, live in Z2b = [Z
2;CZ ] and Z
2
sc,b = [Z
2
b ; {ρZ/ρ′Z = 1, y =
y′}]respectively. See Figure 4.
We aim to describe the resolvent kernel of P~ by consolidating the two distinct microlocal
structures in M . The resolvent exhibits separate singularities as we approach the left face,
the right face, and the high energy face respectively. We thus need to perform a series of
blow-ups to compare these singularities.
The order of these blow-ups matters on M . First, the reduction to (4) by coordinate
changing r = x/~ (r′ = x′/~) means we blow up the corner between the left (right) face
and the high energy face. Second, as Pb for small r = x/~ is a b-differential operator, we
need to blow up the corner of the left and right faces to employ the b-calculus. Third,
a blow-up of the diagonal at the high energy faces is required to apply the sc-calculus
for Psc. These blown up faces will affect one another and meet at the codimension three
corner {x = x′ = h = 0} ⊂M .
It is natural to firstly blow up the corner with the highest codimension,
β0 : M0 = [M ; {x = x′ = h = 0}] −→M,
and then perform blow-ups,
βb : Mb,0 = [M0; {x = x′ = 0}, {x = h = 0}, {x′ = h = 0}] −→M0.
This two-fold blow-up is illustrated in Figure 5. We denote by bf0 the front face of M0
and by bf, lb0, rb0 the additional front faces of Mb,0, and by diagb,diagsc the diagonals in
the b-regime and sc-regime. In particular, the high energy face lifts to the main face (mf)
of the sc-regime. The diagonal near bf is
diagb = {r = r′, y = y′},
whilst the diagonal near mf is
diagsc = {ρ = ρ′, y = y′}.
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Figure 5. The space Mb,0 = β
−1
b β
−1
0 M
The dash curve lying in bf0 ∪ lb0 ∪ rb0 divides the boundaries into the b-regime (left) and
the sc-regime (right), whilst the dash line in mf stands for the boundary of the sc-diagonal
in the sc-regime,
∂diagsc = {ρ = ρ′ = 0, y = y′}.
As needed for the sc-calculus, we further create the face sc by blowing up ∂diagsc
(13) βsc : Msc,b,0 = [Mb,0; ∂diagsc] −→Mb,0,
as in Figure 6.
Finally, it is useful to keep in mind several obvious facts on Msc,b,0 to fit into Figure 4
for the b-calculus and sc-calculus in the parametrix construction.
• In the b-regime {r < 1} ∪ {r′ < 1}, under coordinates {(r, y, r′, y′)},
– lb = {r = 0, r′ 6= 0} is the left boundary,
– rb = {r 6= 0, r′ = 0} is the right boundary,
– bf = {r = 0, r′ = 0} is the front face,
– the interior of bf0 is contained in the interior {0 < r <∞, 0 < r′ <∞},
– lb0 = {0 ≤ r < 1, r′ =∞},
– rb0 = {r =∞, 0 ≤ r′ < 1},
– the b-half density bΩ1/2 in the b-regime of Msc,b,0 takes the form,∣∣∣∣r′n−1drdydr′dy′r
∣∣∣∣1/2near lb0, ∣∣∣∣rn−1drdydr′dy′r′
∣∣∣∣1/2near rb0, ∣∣∣∣drdydr′dy′rr′
∣∣∣∣1/2otherwise;
• In the sc-regime {ρ < 1} ∩ {ρ′ < 1}, under coordinates {(ρ, y, ρ′, y′)},
– rb0 = {ρ = 0, ρ′ 6= 0} is the left face, thus renamed by lf,
– lb0 = {ρ′ = 0, ρ 6= 0} is the right face, thus renamed by rf,
– mf = {ρ = 0, ρ′ = 0} is the main face, which plays a central role in the
discussion of Legendrian structures,
– the interior of bf0 is contained within the interior {0 < ρ < 1, 0 < ρ′ < 1},
– the sc-half density scΩ1/2 in the sc-regime of Msc,b,0 takes the form∣∣∣∣dρdydρ′dy′ρn+1ρ′n+1
∣∣∣∣1/2;
• The transitional region, bf0, can be viewed as the space where the resolvent kernel
of ∆C lives, which will be discussed in detail in Section 8.
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Figure 6. The space Msc,b,0 = β
−1
sc β
−1
b β
−1
0 M
3. The b-calculus on Msc,b,0
In this section, we shall review the abstract b-calculus and then apply it in the b-regime
of Msc,b,0. The notations in the abstract part will be self-contained and independent of
the conic manifold C.
3.1. The small b-calculus. Suppose X is a cylindrical n-manifold, i.e. an n-manifold
with boundary isometric to {(x, y) : x ∈ [0, 1), y ∈ Rn−1} with a b-metric dx2/x2 +
h(x, y, dy) in the interior. The space Vb(X) of b-vector fields is the collection of smooth
sections of TX tangent to the boundary ∂X. Then the b-vector fields are smooth sections
of the b-tangent bundle bTX, which has a local frame {x∂x, ∂y} near the boundary. The
b-cotangent bundle bT ∗X is the dual bundle of bTX.
The space Diffmb (X) of mth order b-differential operators consists of finite sums of m-
fold products of b-vector fields. Near ∂X, a b-differential operator A ∈ Diffmb (X) acts on
b-half densities
f
∣∣∣∣dxdyx
∣∣∣∣1/2 ∈ C∞(X; bΩ1/2)
near the boundary, and takes the explicit form,
A =
∑
α+|β|≤m
aαβ(x, y)(x∂x)
α∂βy , α ∈ N and β ∈ Nn−1.
The b-differential operators can be generalized to b-pseudodifferential operators. The
Schwartz kernel of a b-pseudodifferential operator is a distribution living in the b-stretched
space
X2b = β
−1
b X
2 = [X2; ∂X × ∂X]
with three boundary faces
bf = β−1b (∂X × ∂X)
lb = β−1b (∂X ×X◦)
rb = β−1b (X
◦ × ∂X).
and conormal to the b-diagonal diagb = β
−1
b diag. To be concrete,
Definition 3. The space Ψmb (X;
bΩ1/2) is a collection of operators with a kernel κ|dµb|1/2
living in X2b such that
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• κ is a distribution, conormal of degree m to diagb, smooth up to bf, and rapidly
vanishing at lb and rb.
• |dµb|1/2 is the lift of pi∗l bΩ1/2⊗ pi∗r bΩ1/2 to X2b , where pil and pir are the projections
from X2b down to a single space X.
In analogy with classical pseudodifferential operators, b-pseudodifferential operators
have a well-defined symbol map
Ψmb (X;
bΩ1/2) −→ Sm(bT ∗X; bΩ1/2)/Sm−1(bT ∗X; bΩ1/2),
where Sm(·) is the classical symbol space of degree m. This is extended to a short exact
sequence
0→ Ψm−1b (X; bΩ1/2) ↪→ Ψmb (X; bΩ1/2)→ Sm(bT ∗X; bΩ1/2)→ 0.
3.2. The full b-calculus. Since the small b-calculus only addresses the singularities of the
resolvent near diagb, the full b-calculus is introduced to describe the boundary behaviours
of the true resolvent.
First of all, the boundary singularities are measured in terms of b-Sobolev spaces and
polyhomogeneous conormal distributions to boundaries. The b-Sobolev space of order m
is defined by b-differential operators as
(14) Hmb (X;
bΩ1/2) = {u ∈ L2(X; bΩ1/2) : Diffmb (X; bΩ1/2)u ∈ L2(X; bΩ1/2)}.
The space of homogeneous conormal distributions of degree (αl, αr) to (lb, rb) on X
2
b ,
denoted by A(αl,αr)(X2b ; bΩ1/2), consists of distributions such that
{u : Vbu ∈ ραll ραrr L∞(X2b ; bΩ1/2)} with (αl, αr) ∈ R2,
where ρl and ρr are defining functions for lb and rb.
The polyhomogeneity for a boundary • is measured by the index set E•, which is a
discrete subset of C× N such that
• (zj , kj) ∈ E•, |(zj , kj)| → ∞ ⇒ Re zj →∞,
• (z, k) ∈ E• ⇒ (z, l) ∈ E•, l ∈ N, 0 ≤ l ≤ k,
• (z, k) ∈ E• ⇒ (z + j, k) ∈ E•, j ∈ N.
A collection E of index sets for each boundary is called the index family. The space
A(El,Er)phg (X2b ; bΩ1/2) of polyhomogeneous conormal distributions to lb and rb consists of
distributions having the following local expressions
u ∼
∑
(z,k)∈El
ρzl (log ρl)
kal,k,z with al,k,z ∈ C∞(X2b ; bΩ1/2) , near lb;
u ∼
∑
(z,k)∈Er
ρzr(log ρr)
kar,k,z with ar,k,z ∈ C∞(X2b ; bΩ1/2) , near rb.
To measure the polyhomogeneity of the product and composition of two conormal distri-
butions, the operations of addition and extended union for two index sets E1 and E2 are
defined to be
E1 + E2 = {(z1 + z2, k1 + k2)|(z1, k1) ∈ E1, (z2, k2) ∈ E2}
E1 ∪E2 = E1 ∪ E2 ∪ {(z, k) : ∃ (z, k1) ∈ E1 and (z, k2) ∈ E2 with k = k1 + k2 + 1}.
The space Ψm,Eb (X
2
b ;
bΩ1/2) of full b-pseudodifferential operators is the collection of the
sums of small b-pseudodifferential operators Ψmb (X
2
b ;
bΩ1/2) and polyhomogeneous conor-
mal distributions A(Elb,Erb)phg (X2b ; bΩ1/2). Specifically,
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Definition 4. We say a distribution A ∈ Ψm,Eb (X2b ; bΩ1/2) with E = (Elb, Erb), if the kernel
of A has the following local expressions:
A ∈ Ψmb (X2b ; bΩ1/2), near diagb;
A ∼
∑
(z,k)∈Elb
ρzlb(log ρlb)
kalb,k,z with alb,k,z ∈ C∞(X2b ; bΩ1/2) , near lb;
A ∼
∑
(z,k)∈Erb
ρzrb(log ρrb)
karb,k,z with arb,k,z ∈ C∞(X2b ; bΩ1/2) , near rb.
Second, the boundary behaviour of the resolvent of A involves the indicial operator
I(A),4 which is the restriction of A to ∂X. It has a local expression,
I(A) =
∑
α+|β|=m
aαβ(0, y)(x∂x)
α∂βy .
In the same spirit with the Fourier transform approach to evolution equations, the
inversion of I(A), via Mellin transform M, reduces to the indicial family I(A, λ), where
M(u)(λ) =
∫ ∞
0
x−iλu(x, y)
dx
x
and I(A, λ) =M(I(A))(λ).
To address the invertibility, we thus define the boundary spectrum,
specb(I(A)) =
{
λ ∈ C : I(A, λ) is not invertible on C∞(∂X)
}
,
Specb(I(A)) =
{
(λ, k) : the inverse of I(A, ·) has a pole of order k + 1 at λ
}
.
Through Mellin transform, the invertibility of I(A, λ) amounts to the invertibility of
I(A) on weighted b-Sobolev spaces.
Proposition 5. The indicial operator I(A) of A ∈ Diffmb (X) is an isomorphism between
rαHjb (X;
bΩ1/2) and rαHj−mb (X;
bΩ1/2) for all j if and only if α ∈ R, α 6= − Imλ for any
λ ∈ specb(I(A)).
Finally, the calculus of the full b-pseudodifferential operators will be useful in the con-
struction of the parametrix. See [24, Section 5.21]
Proposition 6. Suppose that A and B are a pair of conormal distributions on X2b such
that
A ∈ Ψm1,Eb (X2b ,Ω1/2b ) and B ∈ Ψm2,Fb (X2b ,Ω1/2b ).
The composition A ◦B is a conormal distribution lying in the space
Ψm1+m2,E∪Fb (X
2
b ,Ω
1/2
b ),
where the extended union of the index families is defined via the index sets for each bound-
ary face
E∪F = (Elb∪Flb, Erb∪Frb).
4It is also called normal operator. In general, the normal operator N•(·) is the restriction of · to the
face •. When the indicial family is further involved, we call it indicial operator, to be consistent with the
convention in [24]. Otherwise, it is named normal operator.
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3.3. The indicial operator at bf. Now we leave the abstract cylindrical manifolds and
return to the b-regime of Msc,b,0. Consider the invertibility of the indicial operator of Pb
at bf.
Recall from (5) that Pb, near the boundary, is a second order b-differential operator and
takes the form
−(r∂r)2 − re˜(r∂r) + ∆h − re˜(1− n/2)− r2(1 + ı0) + (1− n/2)2.
Near lb ∩ bf, we adopt coordinates
{(r˜, r′, y, y′, ~) : r˜ = r/r′}.
Here r˜ and r′ are the boundary defining functions for lb and bf respectively. Then the
blowup β−1b lifts Pb to
−(r˜∂r˜)2 − r˜r′e˜(r˜∂r˜) + ∆h − r˜r′e˜(1− n/2)− (r˜r′)2(1 + ı0) + (1− n/2)2.
The indicial operator I(Pb) and the indicial family I(Pb, λ) in the b-regime of Msc,b,0 read
I(Pb) = −(r˜∂r˜)2 + ∆h0 + (1− n/2)2.
I(Pb, λ) =M(I(Pb)) = λ2 + ∆h0 + (1− n/2)2,
where h0 denotes h(0, y, dy). Because ∆h0 is the Laplacian on the compact manifold
(Y, h0), the resolvent family (∆h0 − τ)−1 only has simple poles
σ20, σ
2
1, σ
2
2, · · · with 0 = σ20 < σ21 < σ22 < · · · .
Then the indicial family I(Pb, λ) is invertible on C∞(∂X) if and only if −λ2 − (1− n/2)2
is NOT an eigenvalue of ∆h0 . Hence, we define the indicial roots
λj = ı((1− n/2)2 + σ2j )1/2,
and the boundary spectrum
specb(I(Pb)) = {±λj ∈ C}, Specb(I(Pb)) = {(±λj , 0)}.
By adapting the proof from [24, (5.84)], we obtain that the inverse Mellin transform of
the indicial family at bf is a polyhomogeneous conormal distribution.
Proposition 7. The kernel of the inverse Mellin transform of the inverse of I(Pb, λ) is
a polyhomogeneous conormal distribution lying in the space,
A(Eb,Eb)phg (Msc,b,0; bΩ1/2) modulo Ψ−2b (Msc,b,0; bΩ1/2),
where the index sets read
(15) Eb = {(Imλj , 0)}.
4. The sc-calculus on scattering manifolds
In this section, we shall review scattering calculus and Legendrian distributions on
abstract scattering manifolds. The notations in this section will be self-contained and
independent of the conic manifold C.
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4.1. The sc-pseudodifferential operators. Let X be an n-manifold with boundary. It
is furnished with local coordinates {z} in the interior and {(x, y)} near the boundary with
a boundary defining function x. We endow X with a (scattering) sc-metric, which takes
the form, near the boundary,
g =
dx2
x4
+
h(x, y, dy)
x2
,
where h is a smooth tensor on X and h|x=0 is a smooth metric on ∂X.
Consider the sc-Lie algebra,
Vsc(X) = {V |V = xW,W is a C∞ vector field tangent to ∂X}.
Near ∂X, this Lie algebra, smoothly spanned by the vector fields x2∂x and x∂y, gives
smooth sections of the sc-tangent bundle scTX. Corresponding to this, the sc-cotangent
bundle scT ∗X, near ∂X, is generated by dx/x2 and dy/x. In other words, a sc-cotangent
vector, near ∂X, takes the form d(f/x) = τdx/x2 + µdy/x for some smooth function f .
The sc-differential operators of order k are the sums of products of at most k sc-vector
fields. It acts on sc-half densities, which, near the boundary, take the form
f
∣∣∣dxdy
xn+1
∣∣∣1/2 ∈ C∞(X; scΩ1/2).
The space of such operators are denoted by Diffksc(X;
scΩ1/2).
We extend this to the sc-pseudodifferential operators by viewing their Schwartz kernels
as conormal distributions on certain double spaces. The appropriate double space to
accommodate the sc-pseudodifferential operators is the two-fold blown-up space
Xsc = [X
2
b , ∂diagb] = [[X
2, (∂X)2], ∂diagb],
where diagb is the lift of the diagonal to X
2
b . The boundary faces and the diagonal lift via
the two-fold blowup as follows,
∂X ×X −→ lf
X × ∂X −→ rf
(∂X × ∂X) \ ∂diag −→ mf
∂diag −→ sc
diag −→ diagsc.
If we view the kernel of a sc-differential operator on X as a distribution on X2sc, then
it is microlocally supported on and conormal to diagsc. In the same spirit,
Definition 8. The space Ψk,0sc (X; scΩ1/2) of sc-pseudodifferential operators of degree k
consists of all operators with a kernel κ|dµsc|1/2, such that
• κ defined on X2sc is a distribution, conormal of degree k to diagsc, smooth up to sc,
rapidly decreasing at lf, rf, mf,
• |dµsc|1/2 is the lift of pi∗l scΩ1/2(X)⊗pi∗r scΩ1/2(X) to X2b , where pil is the projection
from X2b to the left space X and pir is the projection from X
2
b to the right space X.
Furthermore, we define the space Ψk,lsc (X; scΩ1/2) = xlΨksc(X;
scΩ1/2).
There are two symbol maps defined for P ∈ Diffksc(X; scΩ1/2). One is the usual symbol
in the interior of X with respect to scT ∗X,
σkint : Ψ
k,0
sc (X,
scΩ1/2) −→ Sk(scT ∗X; scΩ1/2)/Sk−1(scT ∗X; scΩ1/2),
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where Sk(·; scΩ1/2) is the classical symbol space of degree k tensored by scΩ1/2. This
symbol map yields a short exact sequence,
0 −→ Ψk−1,0sc (X; scΩ1/2) −→ Ψk,0sc (X; scΩ1/2)
−→ Sk(scT ∗X; scΩ1/2)/Sk−1(scT ∗X; scΩ1/2) −→ 0.
In the meantime, the other symbol map,
σ∂ : Ψ
k,0
sc (X,
scΩ1/2) −→ Sk(scT ∗∂XX; scΩ1/2),
is defined as the restriction of the full symbol to ∂X = {x = 0}. This is well-defined due
to the fact [Vsc(X),Vsc(X)] ⊂ xVsc(X). It likewise yields a short exact sequence
0 −→ Ψk,1sc (X, scΩ1/2) −→ Ψk,0sc (X; scΩ1/2)
−→ Sk(scT ∗∂XX; scΩ1/2)/Sk−1(scT ∗∂XX; scΩ1/2) −→ 0.
If one radially compactifies the fibre of scT ∗X, then the two symbol maps combined
give a joint symbol,
jksc(P ) =
(
σkint(P )
|ξ|k
∣∣∣∣
scS∗X
, σ∂(P )
)
∈ Sk(Csc(X); scΩ1/2),
where Csc(X) =
scS∗X ∪ scT ∗∂XX.
As in the classical theory, the ellipticity at a point in Csc(X) of a sc-pseudodifferential
operator means its joint symbol does not vanish, whilst the characteristic variety of a
sc-pseudodifferential operator is the zero set of its joint symbol. For example, the interior
symbol of the sc-differential opeartor
−(x2∂x)2 + (n− 1)x3∂x + x2∆h − 1
is obviously elliptic but the boundary symbol vanishes in a subset of scT ∗∂XX. To under-
stand the resolvent of such an operator, we will need the notion of the sc-wavefront set of
a tempered distribution u on X,
scWF(u) = {q ∈ Csc(X) |χu /∈ C∞c (X) for any χ ∈ Ψ0,0sc (X) elliptic at q}.
In the classical propagation of singularities of hyperbolic equations, the wavefront set
of the fundamental solution consists of the bicharacteristic flow curves, which comprise a
Lagrangian of the cotangent bundle. For the scattering manifold X, the symplectic form
ω on T ∗X induces a contact structure on scT ∗∂XX with a non-degenerate 1-form
χ = ιx2∂xω = dτ + µ · dy.
The integral curves of the Hamilton vector field determined by the contact form are called
the bicharacteriscs as well. For sc-pseudodifferential operators, we have a variant of the
theorem of microlocalization and propagation of singularities.
Theorem 9. Suppose A ∈ Ψk,0sc (X, scΩ1/2) has a real boundary symbol. For a tempered
distribution u on X but smooth in the interior,
WFsc(Au) ⊂WFsc(u)
and WFsc(u) \WFsc(Au) is a union of maximally extended bicharacteristics of A inside
Σ(A) \WFsc(Au).
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4.2. The Legendrian distributions. Due to the non-ellipticity of the sc-Laplacian in
a subset of T ∗∂XX, it is necessary to formulate a theory of Fourier integral operators over
the boundary, i.e. Legendrian distributions.
In contact geometry, a Legendrian L is an (n − 1)-submanifold of an (2n − 1)-contact
manifold K, where the contact form vanishes. For an (n− 2)-submanifold F , the union of
bicharacteristics passing through F is a Legendrian. Therefore, the theorem of propagation
of singularities tells us that the resolvent kernel has to be microlocally supported on the
Legendrian L over ∂X. Namely it is a Legendrian distribution.
Definition 10. Locally a Legendrian distribution u ∈ Im(X;L; scΩ1/2), with local coordi-
nates (x, y) near ∂X, takes the form
u = xm+n/4−k/2(2pi)−k/2−n/4
∫
Rk
eıφ(y,v)/xa(x, y, v)dv,
where φ locally parametrizes the Legendrian L,
L = {(y, d(x,y)(φ(y, v)/x)) : dvφ(y, v) = 0},
and the amplitude a is a compactly supported smooth section of the sc-half density bundle.
The symbol of u is defined by
σm(x,y),φ(u) = a(0, y, v)|{dvφ=0}
∣∣∣∣∂(dvφ, λ)∂(y, v)
∣∣∣∣−1/2|dλ|1/2.
The symbol is neither coordinate invariant nor phase function invariant, but changes by
the following transition functions
(16)
σm(x′,y′),φ(u) = σ
m
(x,y),φ(u)
(
x′
x
)n/4−m
e−ı((x′/x)µ·∂x′y−τ∂x′ (x′/x))|x=0 ,
σm(x,y),ψ(u) = σ
m
(x,y),φ(u)e
ıpi(signd2vvψ−signd2vvφ)/4.
These two transition functions define the line bundle E ⊗M . The symbol map of degree
m is invariantly defined
σm : Im(X,L; scΩ1/2) −→ C∞(L; Ω1/2(L)⊗ S[m]),
where S[m] = |N∗∂X|m−n/4 ⊗ E ⊗M.
This symbol map gives an exact sequence,
0 −→ Im+1(X,L; scΩ1/2) −→ Im(X,L; scΩ1/2) −→ C∞(L; Ω1/2(L)⊗ S[m]) −→ 0,
and the symbol calculus of u ∈ Im(X;L; scΩ1/2) with a sc-pseudodifferential operator
P ∈ Ψsc(X; scΩ1/2) with a real principal symbol vanishing on L,
(17) (−ıLHp − ı(1/2 +m− n/4)∂τp+ psub)σm(u),
where Hp denotes the Hamilton vector field of the principal symbol of P and psub is the
boundary subprincipal symbol of P . Explicitly, if the full symbol of a sc-pseudodifferential
operator P takes the form
p(y, τ, µ) + xp1(y, τ, µ) +O(x
2)
in the scattering cotangent bundle with local coordinates {(x, y, τ, µ)}, its boundary sub-
principal symbol is written as the following expansion in x,
psub = p1 +
ı
2
(
∂2p
∂yi∂µi
− (n− 1)∂p
∂τ
+ µi
∂2p
∂µi∂τ
)
.
For instance, the full symbol of Psc defined in (6) reads
τ2 + hijµiµj + ρ(n− 1− xe(x, y))ıτ − 1,
Semiclassical Resolvent on Conic Manifolds 19
where this x is the defining function in C. If we adopt coordinates {(ρ, y, τ, µ)}, it follows
that the boundary subprincipal symbol is equal to
(18) − ıxe(x, y)τ + ı(∂h
ij
∂yi
µj).
When µ = 0, the second term vanishes and then the subprincipal symbol is just equal to
the first term −ıxe(x, y)τ .
Intersecting Legendrian distributions are used to describe the resolvent near the intersec-
tion of the propagating Legendrian with other Legendrians which appear in the microlocal
structure of the resolvent. The Legendrian pair accommodates the sc-wavefront set of the
resolvent. Assume L˜ = (L0, L1) is a pair of Legendrians intersecting cleanly at ∂L1. Then
near a point q ∈ ∂L1 there is a unique local phase function φ(y, v, s) = φ0(y, v)+sφ1(y, v, s)
(up to a diffeomorphism) parameterizing the pair
L0 = {(y, d(x,y)(φ/x))|s = 0, dvφ = 0}
L1 = {(y, d(x,y)(φ/x))|s ≥ 0, dsφ = 0, dvφ = 0}.
Definition 11. The space Im(X; L˜; scΩ1/2) consists of the sums of elements in
Im(X;L1 \ ∂L1; scΩ1/2) + Im+1/2(X;L0; scΩ1/2),
and distributions in a coordinate patch {(x, y)} near ∂X with an expression
xm+n/4−(k+1)/2
∫ ∞
0
ds
∫
Rk
eıφ(y,v,s)a(x, y, v, s)dv,
where a is a compactly supported sc-half density.
The symbol of u ∈ Im(X; L˜; scΩ1/2) is a smooth section of a bundle over L0∪L1. Let ρ1
be a boundary defining function for ∂L1 = L0 ∩L1 within L0, and ρ0 a boundary defining
function for ∂L1 within L1. On L0 but away from L1, the symbol of u lies in the space
ρ−11 C
∞(Ω1/2(L0)⊗ S[m+1/2](L0)) = ρ−1/21 C∞(Ω1/2b (L0 \ ∂L1)⊗ S[m+1/2](L0)),
and the symbol of u on L1 takes values in the space
C∞(Ω1/2(L1)⊗ S[m](L1)) = ρ1/20 C∞(Ω1/2b (L1)⊗ S[m](L1)).
Here Ω1/2(L·) is the half density bundle over the Legendrian L· and Ω
1/2
b (L·) is the b-
half density bundle near intersections of the Legendrian pairs. Then the symbol space
C∞(L˜; bΩ1/2(L˜) ⊗ S[m](L˜)) for Im(X; L˜; scΩ1/2) consists of smooth section pairs (a, b)
such that
(19)
a ∈ ρ−1/21 C∞(Ω1/2b (L0 \ ∂L1)⊗ S[m+1/2](L0)) on L0 \ ∂L1
b ∈ ρ1/20 C∞(Ω1/2b (L1)⊗ S[m](L1)) on L1
ρ
1/2
1 b = e
ıpi/4(2pi)1/4ρ
−1/2
0 a at L0 ∩ L1
.
This symbol map likewise yields an exact sequence,
(20) 0 −→ Im+1(X; L˜; scΩ1/2) −→ Im(X; L˜; scΩ1/2) −→ C∞(L˜; Ω1/2b (L˜)⊗ S[m]) −→ 0.
More care is needed to deal with a special type of Legendrian pair, which has a conic
singularity at the intersection. We say that L˜ = (L,L]) is a conic Legendrian pair, if
• L] is a projectable Legendrian, which means that the projection map scT ∗X|L] →
∂X is a diffeomorphism,
• τ 6= 0 on L], which implies that L] can be parameterized by the phase function 1,
• L is an open Legendrian such that L¯ \ L is contained in L],
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• L¯ has at most a conic singularity at L], which means that Lˆ = β−1] L¯ is transverse
to β−1] {x = 0, µ = 0}, where the blowdown map β] defines the blown-up space
[scT ∗X; {x = 0, µ = 0}].
A local parametrization of L˜ near q ∈ L¯ ∩ L] is a function φ(y, v, s) = 1 + sψ(y, v, s)
defined in a neighbourhood of q′ = (y0, v0, 0) in ∂X × Rk × [0,∞) satisfying
• 1 parameterizes L] near q,
• dvφ = 0 at q′,
• q = (y, d(x,y)(φ/x))(q′),
• φ satisfies the non-degeneracy hypothesis
ds, dψ, and d
(
∂ψ
∂vi
)
are linearly independent at q′, 1 ≤ i ≤ k,
• Lˆ has the expression near q in terms of coordinates {(x/|µ|, y, τ, |µ|, µˆ)},
Lˆ = {(0, y,−φ, sdyψ, d̂yψ) | dsφ = 0, dvψ = 0, s ≥ 0}.
Then we define Legendrians associated with this local parametrization.
Definition 12. A Legendrian distribution of order (m, p) associated to (L,L]) is a sc-half
density of the form u = u0 + (
∑N
i=1 ui)ν, where
• ν is a smooth sc-half density,
• u0 is a Legendrian distribution lying in
Imc (X;L;
scΩ1/2) + Ip(X;L]; scΩ1/2),
• uj, near the boundary, has an expression∫ ∞
0
ds
∫
eiφj(y,v,s)/xaj(y, v, x/s, s)
(
x
s
)m+n/4−(k+1)/2
sp+n/4−1dv,
where φj locally parameterizes (L,L
]) and aj ∈ C∞(X×Rk× [0,∞)× [0,∞)), with
compact support in v, x/s and s.
The space of such Legendrian distributions is denoted by Im,p(X; L˜; scΩ1/2).
The symbol map is defined on Lˆ and yields an exact sequence
0 −→ Im+1,p(X; L˜; scΩ1/2) −→ Im(X; L˜; scΩ1/2)
−→ sm−pC∞(Lˆ,Ω1/2b (Lˆ)⊗ S[m](Lˆ)) −→ 0.
5. The fibred sc-calculus on Mb,0
We now come back to the sc-regime of the space Msc,b,0 where the resolvent kernel of
Psc lives. To understand its microlocal structure, we wish to apply the sc-calculus and
Legendrian machinery to Msc,b,0. Similar to the resolvent of the sc-Laplacian, the resolvent
of Psc consists of sc-pseudodifferential operators and Legendrian distributions. The sc-
diagonal conormal bundle on Msc,b,0 is away from the corners and thus defined exactly in
the same way with scattering manifolds. However, dealing with the Legendrian structure
on such a manifold with corners requires working on the finer structure of boundary
fibrations as the propagating Legendrian will hit the corners. In the meantime, since the
corners are away from the diagonal conormal bundle, we can blow down the sc face and
live in Mb,0 instead.
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5.1. The fibred sc-bundle. Now we are concerned about three boundary faces mf, lf, rf
of Mb,0. As we discussed before, mf is the lift of the high energy face, lf = rb0 and rf = lb0,
whilst the interior of bf0 becomes the interior of the sc-regime. The three boundary faces
will all be involved to introduce the Legendrian structure. But we can restrict to the
boundary fibration and Legendrian structures near lf ∩mf as the structure near rf ∩mf is
analogous.
Near lf ∩ mf, ρ = ρlfρmf is a total boundary defining function. We denote by φmf a
trivial fibration over mf. For lf, we have a fibration φlf : lf −→ Zlf such that the base of
the fibration Zlf is a compact manifold without boundary, and the fibers of φlf intersect
mf transversally. In terms of local coordinates for φlf, these conditions mean that
• near a point p ∈ mf ∩ lf, we have local coordinates {(ρ˜, ρ′, y, y′)} such that {ρ˜ =
ρ/ρ′ = 0} defines lf, {ρ′ = 0} defines mf, and the fibration of φlf are locally given
by
φlf : (ρ
′, y, y′) 7−→ y;
• near p ∈ int(mf), we have local coordinates {(ρ˜, ρ′, y, y′)} and a trivial fibration
φmf,
φmf : (ρ˜, y, y
′) 7−→ (ρ˜, y, y′);
• near p ∈ int(lf), we have local coordinates {(ρ˜, y, z′)}, and the fibers of φlf are
locally given by
φlf : (y, z
′) 7−→ y;
• the total boundary defining function is ρ = ρ˜ρ′.
Denote Φ = {φmf, φlf, φrf} and M˜b,0 = Mb,0 \ (lf ∪ rf). The Lie algebra VsΦ(Mb,0) of
the fibred sc-vector fields, with respect to the stratification Φ and total boundary defining
function ρ, consists of smooth vector fields V such that
• V ∈ Vb(Mb,0),
• V ρ ∈ ρ2C∞(Mb,0),
• V is tangent to the fibres of Φ.
The Lie algebra VsΦ(Mb,0) generates the differential operator algebra DiffsΦ(Mb,0),
which are smooth sections of the fibred sc-bundle sΦTMb,0. Its dual bundle is denoted by
sΦT ∗Mb,0 and spanned by one-forms d(f/ρ) where f ∈ C∞(Mb,0) is constant on the fibres
of Φ. One can write down the basis of sΦT ∗Mb,0 in local coordinates.
• Near p ∈ mf ∩ lf, we have local coordinates {(ρ′, ρ˜, y, y′)}. The basis of sΦT ∗Mb,0
is given by
{dρ/ρ2, dρ˜/ρ, dy/ρ, dy′/ρ′} or {d(1/ρ), d(1/ρ′), dy/ρ, dy′/ρ′}.
For q ∈ sΦT ∗Mb,0, we write
q = τ
dρ
ρ2
+ η
dρ˜
ρ
+ µ · dy
ρ
+ µ′ · dy
′
ρ′
or q = τ˜
dρ
ρ2
+ τ ′
dρ′
ρ′2
+ µ · dy
ρ
+ µ′ · dy
′
ρ′
,
where τ = τ˜ + ρ˜τ ′ and η = −τ ′.
• In the interior of lf, we have local coordinates {(ρ, y, z′)}. The basis of sΦT ∗Mb,0
is given by
{dρ/ρ2, dy/ρ, dz′}.
For q ∈ sΦT ∗Mb,0, we write
q = τ
dρ
ρ2
+ µ · dy
ρ
+ ζ ′ · dz′
22 Xi Chen
We are interested in two natural subbundles of sΦT ∗lfMb,0 spanned by one-forms d(f/ρ)
where f vanishes on lf.
• The restriction of sΦT ∗lfMb,0 to each fibre F of lf is isomorphic to the sc-cotangent
bundle of F , denoted by scT ∗(F ; lf). Indeed, if f vanishes on lf then f = ρ˜f˜ , f˜ ∈
C∞(Mb,0), so modulo terms vanishing at lf,
d(f/ρ) = d(f˜/ρ′) = −f˜dρ′/ρ′2 + dy′ f˜/ρ′.
The basis of scT ∗(F ; lf) is given by
dρ′/ρ′2, dy′/ρ′.
• The quotient bundle, sΦT ∗lfMb,0/scT ∗(F ; lf), is the pull back of a bundle sΦN∗Zlf
from the base Zlf of the fibration φlf, and
sΦN∗Zlf = scT ∗Zlf×{0}((Zlf)y × [0, )ρ).
The induced map
φ˜lf :
sΦT ∗lfMsc,b,0 → sΦN∗ZH , (ρ′, y, y′, τ, η, µ, µ′) 7−→ (y, τ, µ),
has fibres isomorphic to scT ∗F .
5.2. The contact structure on fibred sc-bundles. We next introduce the contact
structures and Legendrians in sΦT ∗Mb,0.
• In the interior of mf, we have a one-form on sΦT ∗mfMb,0,
χ = ιρ2∂ρ(ω) = dτ + ηdρ˜+ µ · dy + ρ˜µ′ · dy′.
• At the corner between mf and lf, the one-form χ vanishes identically on scT ∗(F ; lf)
but we have a one-form on the quotient bundle sΦT ∗lfM/
scT ∗(F ; lf) over mf∪ lf. In
local coordinates, this is
dτ + µ′ · dy′.
• With local coordinates {(x′, ρ˜, y, y′)}, there is a one-form
dτ ′ + µ′ · dy′
on the fibres of the restriction of φ˜lf to
sΦT ∗lf∩mfMb,0.
By incorporating these contact structures, we define Legendrians in sΦT ∗Mb,0.
Definition 13. A Legendrian L of sΦT ∗Mb,0 is a Legendrian of sΦT ∗mfMb,0 such that
• L is transversal to sΦT ∗lf∩mfMb,0 and sΦT ∗rf∩mfMb,0;
• the maps φ˜lf and φ˜rf induce fibrations
φ˘lf : L ∩ sΦT ∗lf∩mfMb,0 → L1
φ˘rf : L ∩ sΦT ∗rf∩mfMb,0 → L′1,
where L1 and L
′
1 are Legendrians of
sΦN∗Zlf and sΦN∗Zrf;
• the fibres of φ˘lf and φ˘rf are Legendrians of scT ∗∂FF and scT ∗∂F ′F ′, where F and F ′
are fibres of lf respectively rf.
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5.3. The Legendrian distributions on Mb,0. We shall apply the parametrization of
the Legendrians and local expressions of Legendrian distributions to Mb,0. We only focus
on the part away from rf, as the part away from lf is defined analogously.
We will say that a function φ(ρ˜, y, y′, v, w)/ρ with v ∈ Rk and w ∈ Rl is a non-degenerate
parametrization of L locally near q ∈ sΦT ∗mf∩lfMb,0 ∩ L which is given in local coordinates
as (ρ˜0, y0, y
′
0, τ0, η0, µ0, µ
′) with ρ˜0 = 0, if
• φ has the form
φ(ρ˜, y, y′, v, w) = φ1(y, v) + ρ˜φ2(ρ˜, y, y′, v, w),
such that φ1, φ2 are smooth in neighbourhoods of (y0, v0) ∈ ∂X × Rk and q′ =
(0, y0, y
′
0, v0, w0) ∈ (mf ∩ lf)× Rk+k
′
respectively with
(0, y0, y
′
0, d(ρ,ρ˜,y,y′)(φ/ρ)(q
′)) = q, dvφ(q′) = 0, dwφ2(q′) = 0;
• φ is non-degenerate in the sense that
d(y,v)
∂φ1
∂v
, d(y′,w)
∂φ2
∂w
are independent at (y′0, v0) and q′ respectively;
• locally near q, L is given by
L = {(ρ˜, y, y′, d(ρ,ρ˜,y,y′)(φ/ρ)) : dvφ = 0, dwφ2 = 0}.
Such a phase function does parametrize the three Legendrians affiliated with L,
• φ/ρ is a non-degenerate phase function for the Legendrian L in sΦT ∗int(mf)Mb,0;
• φ1 parametrizes L1;
• φ2(0, y, ·, v, ·), for fixed (y, v) ∈ {(y, v) : dvφ1 = 0}, parametrizes the fibre of φ˜lf.
Legendrian distributions associated with the Legendrian L, in terms of this parametriza-
tion, is defined as follows.
Definition 14. A Legendrian distribution u ∈ Im,rsΦ (Mb,0;L; sΦΩ1/2) associated to a Leg-
endrian L of sΦT ∗Mb,0 is a distribution in C−∞(Mb,0; sΦΩ1/2) taking the form
u = u0 + u1 +
∑
i
ωi · ν +
∑
i
ω′i · ν,
away from rf (similarly defined for the part way from lf), where
• u0 ∈ C∞c (Mb,0; scΩ1/2) is a compactly supported smooth function,
• u1 ∈ Imsc,c(M˜b,0, L; scΩ1/2) is a Legendrian distribution associated with L and com-
pactly supported in M˜b,0,
• ν ∈ C∞(Mb,0; sΦΩ1/2) is a smooth section of the sΦ-half density bundle,
• ωi is an oscillatory integral supported near the corner lf ∩mf and takes the form
ωi(ρ
′, ρ˜, y, y′) = ρ′m−(k+k
′)/2+n/2ρ˜r−k/2
∫
eıφi(ρ˜,y,y
′,v,w)/ρai(ρ
′, ρ˜, y, y′, v, w) dvdw,
where the amplitude ai ∈ C∞c ([0, ) × U × Rk+k
′
) with open U ∈ lf and the phase
function ψi parametrizes the Legendrian L on U ,
• ω′i is an oscillatory integral supported in the interior of lf and takes the form
ω′i(ρ, y, z
′) = ρr−k/2
∫
eıψi(y,w)/ρai(ρ, y, z
′, w)dw,
where the amplitude ai ∈ C∞c ([0, ) × U × Rk) with open U ∈ lf and the phase
function ψi = φi|ρ˜=0 parametrizes the Legendrian L1 on φlf(U).
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A Legendrian pair with conic points, (L,L]), in sΦT ∗Mb,0 consists of two Legendrians
L and L] of sΦT ∗Mb,0 which form an intersecting pair with conic points in scT ∗M˜b,0M˜b,0
such that the fibrations φ˘lf and φ˘
]
lf of L and L
] have the same Legendrian L1 of
sΦN∗Zlf
as base and the fibres of φ˘lf and φ˘
]
lf are intersecting pairs of Legendrians with conic points
of scT ∗∂FF .
One can introduce a parametrization for (L,L]). First of all, we note that L] is
parametrized by a function on mf of the form
φ0/ρ = (φ1(y) + ρ˜φ2(ρ˜, y, y
′))/ρ
near the boundary with lf, where φ1 = 1 on L
] near L ∩ L]. Then L]1 is parametrized by
φ1(y)/ρ. The fibres of φ˘
]
lf are pairs of Legendrians with conic points (L(y), L
](y)). For
fixed y, L](y) is parametrized by φ2(0, y, y
′)/x′. Second, we perform the blow-up
[sΦT ∗mf(Mb,0); {µ′ = 0, τ ′ = 0, µ = 0}],
to desingularize the conic singularity of (L,L]). Then we can introduce a non-degenerate
parametrization φ/ρ of (L,L]), near a point q ∈ ∂Lˆ ∩ sΦT ∗mf∩lfMb,0, where
φ(ρ˜, y, y′, s, w) = φ1(y) + ρ˜φ2(ρ˜, y, y′) + sρ˜ψ(ρ˜, y, y′, s, w)
is a smooth function defined on a neighbourhood of q′ = (0, y0, y′0, 0, w0) with
q = (0, y0, y
′
0,−φ1,−
ψ
|dy′ψ| ,
dyψ
|dy′ψ| , 0, d̂y
′ψ(q′)), dsφ(q′) = 0, dwψ(q′) = 0,
and the lift Lˆ of L under the blow-up is given by
Lˆ = {(ρ˜, y, y′,−φ1,− ψ|dy′ψ| ,
dyψ
|dy′ψ| , s|dy
′ψ|, d̂y′ψ) : dsφ = 0, dwψ = 0, s ≥ 0}.
With such a parametrization, Legendrian distributions associated with the Legendrian
pair with conic points L˜ is defined as follows.
Definition 15. The space Im,p,rsΦ (Mb,0, L˜;
sΦΩ1/2) associated to a Legendrian pair with
conic points L˜ = (L,L]) of sΦT ∗Mb,0 consists of distributions u ∈ C−∞(Mb,0; sΦΩ1/2) that
takes the form
u = u0 + u1 + u2 +
∑
j
wj · ν,
away from rf (similarly defined for the part away from lf), where
• u0 ∈ Ip,rsΦ (Mb,0, L]; sΦΩ1/2) is a Legendrian distribution associated with L],
• u1 ∈ Im,rsΦ (Mb,0, L; sΦΩ1/2) is a Legendrian distribution associated with L,
• u2 ∈ Im,psc,c (M˜b,0, L˜; scΩ1/2) is an intersecting Legendrian distribution associated with
L˜ and compactly supported in M˜b,0,
• ν ∈ C∞(Mb,0; sΦΩ1/2) is a smooth section of the sΦ-half density bundle,
• ωj is an oscillatory integral of the form,
ωj(ρ
′, ρ˜, y, y′) =
∫
[0,∞)×Rk′
eıφj(ρ˜,y,y
′,s,w)/ρaj(ρ
′, ρ˜, y, y′, ρ′/s, s, w)(
ρ′
s
)m−(k′+1)/2+n/2
sp−1+n/2ρ˜r dsdw,
where the amplitude aj ∈ C∞c ([0, )×U × [0,∞)× [0,∞)×Rk
′
) with U open in mf
and the phase function φj parametrizes the Legendrian pair (L,L
]) on U .
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This space of Legendrian distributions admits a short exact sequence
0 −→ Im+1,p,r(Mb,0, L˜; sΦΩ1/2) −→ Im,p,r(Mb,0, L˜; sΦΩ1/2)
−→ ρm−rsm−pC∞(Lˆ,Ω1/2b (Lˆ)⊗ S[m](Lˆ)) −→ 0.
6. The b-regime parametrix
In this section, we shall construct a parametrix Gb for Pb with a compact remainder
Eb in the b-regime of Msc,b,0. The relevant boundary faces here include lb, rb, bf, lb0, rb0.
The discussion of the transition to the sc-regime near the faces bf0 will be left in Section
8. More precisely,
Proposition 16. There exists a full b-pseudodifferential operator
Gb ∈ ρ2bfρ(n−1)/2lb0 ρ
(n−1)/2
rb0
Ψ
−2,(Eˆb+1,Eˇb+1)
b (Msc,b,0;
bΩ1/2),
such that
r−1Pbr−1 ◦Gb − χbId = Eb ∈ ρ∞bf ρ∞lb0ρ∞rb0Ψ
−∞,(∞,Eˆb+1)
b (Msc,b,0;
bΩ1/2),
where the index set is defined to be
(21) Eˆb =
⋃
r∈N
(Eb + r) and Eˇb = Eˆb ∪¯ Eˆb,
provided Eb as in (15).
Proof. The construction near the interior of lb ∪ rb ∪ bf is a direct application of the full
b-calculus. We follow the b-parametrix construction in [24, Chapter 4-6]. Moverover, we
need additional correction terms near lb0 ∪ rb0.
6.1. Construction near the diagonal. First of all, we invoke the small b-calculus to re-
move the diagonal singularity. Since Pb is an elliptic operator lying in Diff
2
b(Msc,b,0;
bΩ1/2),
the routine elliptic construction shows that there exists Gb,1 ∈ Ψ−2b (Msc,b,0; bΩ1/2) such
that
Pb ◦Gb,1 − χbId = −χbEb,1 ∈ Ψ−∞b (Msc,b,0; bΩ1/2).
6.2. Error at lb. We next wish to find a Gb,2 ∈ Ψ−∞,(Eˆb,∞)b (Msc,b,0; bΩ1/2) such that
Pb ◦Gb,2 − χbEb,1 = −χbEb,2 ∈ ρbfΨ−∞,(∞,Eˆb)b (Msc,b,0; bΩ1/2).
Having the remainder vanishing at bf amounts to solving the indicial equation,
I(Eb,1) = I(Pb) ◦ I(Gb,2).
We solve this equation through the inverse Mellin transform of the inverse of the indi-
cial family I(Pb, λ), which is known to be a polyhomogeneous conormal distribution in
Proposition 7. Then part of G2 is taken to be
G
(1)
b,2 = −
1
2pi
∫ ∞
−∞
sıλI−1(Pb, λ) ◦M(Eb,1)(λ) dλ,
which satisfies
Pb ◦G(1)b,2 − χbE1 = −χbE(1)b,2 ∈ ρbfΨ−∞,(Eb,Eb)b (Msc,b,0; bΩ1/2).
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In addition, the error at lb can be removed completely by [24, Lemma 5.44]. In fact,
this lemma says that there exists G
(2)
b,2 ∈ A(Eˆb,∞)phg (Msc,b,0; bΩ1/2) such that
PG
(2)
b,2 − χbE(1)b,2 = −χbEb,2 ∈ A(∞,Eb)phg (Msc,b,0; bΩ1/2).
If we write Gb,2 = G
(1)
b,2 +G
(2)
b,2 , the parametrix Gb,1 +Gb,2 obeys that
Pb ◦ (Gb,1 +Gb,2)− χbId = −χbEb,2 ∈ ρbfΨ−∞,(∞,Eb)b (Msc,b,0; bΩ1/2).
6.3. Error at bf. We can iterate this construction to remove the error at bf. By the
calculus of full b-pseudodifferential operators, the jth-power of the error is
χbE
j
b,2 ∈ ρjbfΨ
−∞,(∞,Eb,j)
b (Msc,b,0;
bΩ1/2),
where the index sets obey
Eb,1 = Eb,
Eb,j+1 − 1 = Eb,j∪(Eb − 1),
lim
j→∞
Eb,j = Eˆb.
Noting χb is a bump function supported in a neighbourhood of the b-regime, we have
χb(Id− Eb,2)(Id +
∑
j∈Z+
Ejb,2)− χbId ∈
⋂
j>0
ρjbfΨ
−∞,(∞,Eˆb)
b (Msc,b,0;
bΩ1/2).
By the composition of index sets, the improved parametrix
Gb,1,2 = (Gb,1 +Gb,2)(χbId− χbEb,2)−1
lies in a slightly larger space Ψ
−2,(Eˆb,Eˇb)
b (Msc,b,0;
bΩ1/2), whilst the new remainder Eb,1,2
vanishes to infinite order at bf.
6.4. Error at lb0 and rb0. We likewise use the normal operator argument to construct
the parametrices near lb0 and rb0.
Locally, the face lb0 in the b-regime is defined by {x = 0, ~ = 0, x′ 6= 0}. Then it is easy
to calculate the normal operator at lb0,
Nlb0(Pb) = −(r∂r)2 + ∆h0 + (n/2− 1)2 − r2(1± ı0),
where h0 = h(0, y, dy) is a metric on Y independent of the boundary defining function
Now the Laplacian on (Y, h0) is independent of the boundary defining function. One
can apply separation of variables to compute (Nlb0(Pb))−1. This is done in [13, (5.5) (5.6)].
Since r′ > 1 > r near lb0, the resolvent (Nlb0(Pb))−1 is equal to
piı
2
∞∑
j=0
ΠEj (y, y
′)Jνj (r)Ha
(1)
νj (r
′)
∣∣∣∣drdydr′dy′rr′
∣∣∣∣1/2,
where ΠEj is the projection on the jth eigenspace Ej of the operator ∆h0 +(n/2−1)2, ν2j is
the corresponding eigenvalue, and Jν(·),Ha(1)ν (·) are standard Bessel and Hankel functions.
It follows that we can find a distribution G
(0)
b,3 ∈ ρ∞rbρ∞bf Ψ−∞b (Msc,b,0; bΩ1/2) satisfying
Nlb0(G(0)b,3) = Nlb0(Pb)−1,
and making the remainder vanish at lb0
Pb ◦G(0)b,3 − Eb,1,2 = −E(1)b,3 ∈ ρlb0ρ∞rb0ρ∞bf Ψ
−∞,(∞,Eˆb)
b (Msc,b,0).
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Invoking the asymptotic behaviours of Bessel and Hankel functions,
Jν(r) ∼ 1
Γ(ν + 1)
(
r
2
)ν
+O(rν+1), for r → 0,
Ha(1)ν (r
′) ∼ r′−1/2eır′−ıνpi/2+ıpi/4
∑
k∈N
ak(ν)r
′−k, for r′ →∞,
where the coefficients are given by
a0(ν) = 1, ak(ν) =
∏k
j=1(4ν
2 − (2j − 1)2)
k!8k
for k ∈ Z+,
we see that
Nlb0(Gb,3) = Nlb0(Pb)−1 ∼ r′−(n−1)/2eır
′
∣∣∣∣r′n−1drdydr′dy′r
∣∣∣∣1/2.
This implies Gb,3 vanishes to order (n− 1)/2 at lb0.
By the same indicial family argument to Nlb0(Pb), we see G(0)b,3 is also conormal to lb
with an index set Eˆb.
Repeating this procedure k times will make the remainder vanish to order k at lb0, we
get a correction term G
(k)
b,3 = ρ
k
lb0
G
(0)
b,3 such that
Pb ◦ ρklb0G
(0)
b,3 − E(k)b,3 = −E(k+1)b,3 ∈ ρk+1lb0 ρ∞bf Ψ
−∞,(∞,Eˆb)
b (Msc,b,0;
bΩ1/2).
It follows that we find a parametrix Gb,3 =
∑
kG
(k)
b,3 lies in
ρ
(n−1)/2
lb0
ρ∞rb0ρ
∞
rbρ
∞
bf Ψ
−2,(Eˆb,∞)
b (Msc,b,0;
bΩ1/2)
such that
Pb ◦Gb,3 − Eb,1,2 = −Eb,3 ∈ ρ∞lb0ρ∞bf Ψ
−∞,(∞,Eˆb)
b (Msc,b,0;
bΩ1/2).
An identical argument near rb0, i.e. {r′ < 1 < r}, gives a parametrix
Gb,4 ∈ ρ(n−1)/2rb0 ρ∞lb0ρ∞lb ρ∞bf Ψ
−∞,(∞,Eˇb)
b (Msc,b,0;
bΩ1/2)
which makes the remainder also vanish to infinite order at rb0, that is
Pb ◦Gb,4 − Eb,3 = −Eb,4 ∈ ρ∞bfρ∞lb0ρ∞rb0Ψ
−∞,(∞,Eˆb)
b (Msc,b,0;bΩ1/2).
Finally we obtain a parametrix Gb with a remainder Eb such that
r−1Gbr′−1 = Gb,1,2 +Gb,3 +Gb,4 ∈ Ψ−2,(Eˆb,Eˇb)b (Msc,b,0; bΩ1/2),
r−1Ebr′−1 = Eb,4 ∈ ρ∞bfρ∞lb0ρ∞rb0Ψ
−∞,(∞,Eˆb)
b (Msc,b,0;
bΩ1/2).
Then Gb and Eb satisfy the conditions in Proposition 16, since rr
′ lifts to ρ2bfρlbρrb in the
b-regime of Msc,b,0.

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7. The sc-regime parametrix
Let us move to the sc-regime of Msc,b,0. We construct a parametrix Gsc for Psc there.
Specifically,
Proposition 17 (sc-parametrix). There exists a distribution Gsc defined in the sc-regime
of Msc,b,0 such that
Psc ◦Gsc − Idχsc = −Esc ∈ eı/ρ′ρ(n−1)/2−εr/2rf ρ∞mfρ∞] C∞(Mb,0; scΩ1/2).
The kernel of Gsc lies in the class
Ψ−2,0sc (Msc,b,0;
scΩ1/2) + I−1/2(Mb,0; (N∗diagsc, L
◦
±);
scΩ1/2)
+ ρ
−εl/2
lf ρ
−εr/2
rf ρ
−(εl+εr)/2
] I
−1/2,(n−2)/2;(n−1)/2,(n−1)/2(Mb,0; (L±, L]); sΦΩ1/2).
Here we employ the following notations
• the diagonal diagsc near mf is defined by
diagsc =
{ {(ρ˜, ρ′, y, y′) ∈Mb,0 : ρ˜ = 1, y = y′} on Mb,0
{(s, ρ′,y, y′) ∈Msc,b,0 : s = 0,y = 0} on Msc,b,0 ,
where ρ˜ = ρ/ρ′ = x′/x, s = (σ − 1)/ρ′ and y = (y − y′)/ρ′ are the projective
coordinates on mf and sc,
• L = L± is the forward/backward geometric Legendrian, L] is a diffractive Legen-
drian, and L◦± is the interior of L±, which are explicitly given in (23) and (24),
• {ρlf, ρrf, ρ]} denote the boundary defining functions of {lf, rf, L]} respectively,
• ε = xe(x, y) where e(x, y) is the error function defined in (2),
• •l and •r denote the quantity • in the left and right variables respectively,
• ρ′ on Mb,0 is understood as the total boundary defining function of mf ∪ rf.
Proof. Due to the scattering nature of Psc, the proof exploits the strategy of the resolvent
construction for Laplacian on asymptotically conic manifolds (near the infinity) by Hassell-
Vasy [16, Section 4]. However, we must work out the explicit oscillations near lf, rf, L],
caused by e, which is the essential feature of non-product conic manifolds as mentioned
above.
7.1. Construction near the diagonal. We seek Gsc,1 ∈ Ψ−2sc (Msc,b,0; scΩ1/2) such that
Psc ◦Gsc,1 = Id− Esc,1, Esc,1 ∈ Ψ−∞sc (Msc,b,0; scΩ1/2).
This means that the error term Esc,1 is smooth on Msc,b,0 so that we have solved away the
singularity along the diagonal diagsc.
Similar to the b-regime, the standard elliptic argument applies here since the interior
symbol is non-vanishing. Thus, we first choose a Q˜1 ∈ Ψ−2sc (Msc,b,0; scΩ1/2) with symbol
(σ2(Psc))
−1. Then
PscQ˜1 = Id− E˜1, E˜1 ∈ Ψ−1sc (Msc,b,0; scΩ1/2).
Multiplying Q˜1 by a finite Neumann series (Id + E˜1 + · · · + E˜k−11 ) yields an error in
Ψ−ksc (Msc,b,0; scΩ1/2). Taking an asymptotic limit gives us the desired Gsc,1 and Esc,1.
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7.2. Error near the boundary of the diagonal. The sc face will be irrelevant from the
this stage onwards, we thus blow down this face and live in Mb,0 hereafter. The remainder
Esc,1 has a singularity at ∂diagsc,
∂diagsc = {ρ′ = 0, ρ˜ = 1, y = y′},
and its kernel in a neighbourhood of ∂diagsc within mf is a smooth function of ρ, (ρ˜−1)/ρ,
(y − y′)/ρ, and y′. Therefore it can be expressed, in terms of the Fourier transform, as
Esc,1 =
(∫
Rn
eı((y−y
′)·η+(ρ˜−1)t)/ρa1(x, ρ, y, η, t) dηdt
)
ν,
where a1 is smooth in all variables and Schwartz in (η, t). The phase function (y − y′) ·
η + (ρ˜− 1)t parameterizes the Legendrian
N∗diagsc = {y = y′, ρ˜ = 1, µ = −µ′, τ = −τ ′}.
Therefore, Esc,1 is a Legendrian distribution of order 0 associated to N
∗diagsc. To solve
away this error inductively, we further write
Esc,1 =
∞∑
k=0
E
(k)
sc,1, E
(k)
sc,1 =
(∫
Rn
eı((y−y
′)·η+(ρ˜−1)t)/ρa(k)1 (x, ρ, y, η, t) dηdt
)
ν,
where E
(k)
sc,1 is a Legendrian distribution of order k, and a
(k)
1 is smooth in all variables and
Schwartz in (η, t).
Since σ∂(Psc) = τ
2+hijµiµj−1 vanishes on a codimension one submanifolds ofN∗diagsc,
we consider its (left) Hamilton vector field Vl,
Vl = 2τ ρ˜
∂
∂ρ˜
+ 2τµi
∂
∂µi
− hijµiµj ∂
∂τ
+
(
∂(hijµiµj)
∂µi
∂
∂yj
− ∂(h
ijµiµj)
∂yi
∂
∂µj
)
.
The fact that τ2 +hijµiµj = 1 on the characteristic variety Σ(Psc) implies that either τ ρ˜∂ρ˜
or −hijµiµj∂τ in Vl is non-vanishing. Thus Vl is transverse to N∗diagsc at the intersection
with Σ(Psc). We define L
◦ to be the flowout Legendrian emanating from N∗diagsc∩Σ(Psc)
with respect to Vl, and L
◦± to be the flowout in the positive and negative directions with
respect to Vl.
We wish to find an intersecting Legendrian distribution
Q
(0)
2 ∈ I−1/2(Mb,0, (N∗diagsc, L◦+); scΩ1/2),
such that
(22) PscQ
(0)
2 − E(0)sc,1 ∈ I1(Mb,0, N∗diagsc; scΩ1/2) + I3/2(Mb,0, (N∗diagsc, L◦+); scΩ1/2),
microlocally near N∗diagsc. Using the ellipticity of Psc away from Σ(Psc), we choose Q
(0)
2
with symbol on N∗diagsc \L◦+ equal to σ0∂(Psc)−1σ0(E(0)sc,1). Then the value of the symbol
on L◦+ ∩N∗diagsc is given by (19). The symbol of Q(0)2 extends to L+ through the symbol
calculus (17), which gives the transport equation(
− ıLHp − ı(1/2 +m− n/4)∂τp+ psub
)
σ(Q02) = 0, for p = σ
0
∂(Psc).
This ODE has a unique solution in a sufficiently small neighbourhood ofN∗diagsc. Namely,
the error E
(0)
sc,1 on L
◦
+ has been solved away, and the symbol of F
(1)
1 = PscQ
(0)
2 − E(0)sc,1 on
L◦+ is of order −3/2. Then (22) follows from the exact sequence (20).
We can inductively solve away the error
E
(k)
sc,1 + F
(k)
1 ∈ Ik(Mb,0;N∗diagsc; scΩ1/2) + Ik+1/2(Mb,0; (N∗diagsc, L◦+); scΩ1/2)
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Figure 7. The space Mb,0 = β
∗
bβ
∗
0M
with an intersecting Legendrian distribution
Q
(k)
2 ∈ Ik+1/2(Mb,0; (N∗diagsc, L◦+); scΩ1/2),
up to an error
F
(k+1)
1 ∈ Ik+1(Mb,0;N∗diagsc; scΩ1/2) + Ik+3/2(Mb,0; (N∗diagsc, L◦+); scΩ1/2).
Taking the sum Gsc,2 =
∑∞
k=0Q
(k)
2 yields an error, smooth near N
∗diagsc. But away from
∂diagsc, we end up with a compactly supported remainder away from diagsc,
Esc,2 = −Psc ◦Gsc,2 + Esc,1 ∈ I1/2c (Mb,0;L◦+ \N∗diagsc; scΩ1/2).
7.3. The bicharacteristic flow. Before solving away the error on L◦+, we describe the
global structure of L◦+ to understand the conic singularities popping up in the closure of
L◦+.
Recall that L◦ was defined to be the flowout from N∗diagsc ∩ Σ(Psc) by the Hamilton
vector field Vl in left variables (ρ, y). This is the same with the flowout generated by the
Hamilton vector field Vr in right variables (x
′, y′).
Melrose-Zworski’s calculations (with Hassell-Vasy’s modifications [16, (4.7) (4.9)]) ex-
plicitly give L◦ and its closure L as follows.
L◦ =

s, s′ ∈ (0, pi), ρ˜ = sin(s)/ sin(s′),
τ = − cos(s), τ ′ = cos(s′),
µ = η(s) sin(s), µ′ = −η(s′) sin(s′),
(ρ˜, y, y′, τ, τ ′, µ, µ′) hijηi(s)ηj(s) = 1,
(y(s), η(s)) and (y′(s′), η′(s′))
are geodesics in T ∗∂X
emanating from (y0, µˆ0)

∪ T± ∪ F±
where the vertex sets of the square [0, pi]2 are defined for s, s′ ∈ {0, pi}
T± = {(ρ˜, y0, y0,±1,∓1, 0, 0) : σ ∈ (0,∞), y0 ∈ ∂X}
F± = {(ρ˜, y, y′,∓1,∓1, 0, 0) : ∃ geodesics of length pi connecting y, y′}.
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The closure of L◦ in sΦT ∗Msc,b,0 is the set,
(23) L =

s, s′ ∈ (0, pi), sin2(s) + sin2(s′) > 0,
ρ˜ = sin(s)/ sin(s′), τ = − cos(s),
τ ′ = cos(s′), µ = η(s) sin(s),
(ρ˜, y, y′, τ, τ ′, µ, µ′) µ′ = −η(s′) sin(s′), hijηi(s)ηj(s) = 1,
(y(s), η(s)) and (y′(s′), η′(s′))
are geodesics in T ∗∂X
emanating from (y0, µˆ0)

∪ T± ∪ F±.
The Legendrian L is smooth near T± but has conic singularities around F±. See [16,
Section 4.3]
In the coordinates {(y0, µˆ0, s, s′)}, the vector field Vl is given by sin(s′)∂s′ and Vr is
given by − sin(s)∂s. The intersection of L and N∗diagsc is given by {s = s′}. Thus L+ is
given by {s ≤ s′}.
There exist Legendrian submanifolds L]± of scT ∗bfM˜b,0. It can be expressed by
(24) L]± = {(ρ˜, y, y′,∓1,∓1, 0, 0) : y, y′ ∈ ∂X, ρ˜ ∈ [0,∞]}.
By [16, Proposition 4.1], the Legendrian pair L˜ = (L,L]±), intersecting at
L ∩ L]± = F±,
forms a pair of intersecting Legendrian manifolds with conic points. See Figure 7.
7.4. Error at the bicharacteristic. We next solve away the error in the interior of
L+. This involves solving the transport equation globally on L. What concerns us is the
solution of the transport equation near the boundaries of L, as the transport equation is
smooth and always solvable in the interior of L.
To begin with we examine the form of the transport equation at the boundary of L+.
It suffices to discuss the situation near lf as it is analogous for rf.
In a neighbourhood {ρ˜ < 2} of lf ∩mf, we have local coordinates {(y′, µ′, ρ˜)} near T+
and {(y′, µˆ′, ρ˜, s)} away from T+. In either set of coordinates, the Hamilton vector field in
left variables (ρ˜, y) thus takes the form
Vl = 2τ ρ˜∂ρ˜ + Z, for some non-vanishing vector fields Z.
Recall from (18) that the subprincipal symbol of Psc, is −ıετ + o(|µ|) on L+, where we
denote
ε = xe(x, y).
Since ρ˜ = 0 =⇒ s = 0 =⇒ µ = 0 on L+ by (23), the subprincipal symbol of Psc is equal
to ε+ o(ρ˜). Therefore, the transport equation for the symbol of order −1/2, with the half
density factor removed, takes the form
−ı(LVl − nτ + εlτ + o(ρ˜))q(0)3 = 0.
Here εl means ε in left variables. It reduces to the following ODE,
−ıτ(∂ρ˜ + o(1))(ρ˜−n/2+εl/2q(0)3 ) = 0.
This shows that ρ˜−n/2+εl/2q(0)3 is smooth near lf ∩mf.
Near L] ∩L+, we want to understand the order of s, which measures the singularity on
L]. Recall that we lift L+ to Lˆ+ by blowing up L
] ∩ L+. By [16, (4.15)], the sum of left
and right Hamilton vector fields Vl + Vr lifts to
−2s∂s + o(s),
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where W is smooth and tangent to the boundary of Lˆ+. To take advantage of this, we wish
to combine the left and right transport equations, since the solution to the left equation
also solves the right equation. The right transport operator with respect to ρ′ takes the
form
−ı(LVr − nτ ′ + εrτ ′ + o(s)),
where εr means ε in right variables, and the Hamilton vector field in right variable is
Vr = −2τ ′ρ˜ ∂
∂ρ˜
+ 2τ ′µ′
∂
∂µ′
− h′ ∂
∂τ ′
+ (
∂h′
∂µ′
∂
∂y′
− ∂h
′
∂y′
∂
∂µ′
).
In addition, if we change the left variable in ρ to the right variable in ρ′, then q(0)3 is replaced
by ρ˜−1/2−n/2q(0)3 in the right transport equation (ρ˜
−1/2−n/2 is the transition function in
(16)). It then yields an equation of the form
−ı(LVr − nτ ′ + εrτ ′ + o(s))(ρ˜−1/2−n/2q(0)3 ) = 0.
By using the expression of the right Hamilton vector field, we reduce this equation to,
(Vr + τ
′ + εrτ ′ + o(s))q
(0)
3 = 0.
Combining it with the left transport equation and using the fact τ = τ ′ = −1 on L]+ gives
an equation of the form
2
(
s∂s − (n− 1)/2 + (εl + εr)/2 + o(s)
)
q
(0)
3 = 0.
This may be written
(∂s + o(1))(s
−(n−1)/2+(εl+εr)/2q(0)3 ) = 0.
This, together with the left and right transport equations and ρ˜ = ρlf, shows that
q
(0)
3 ∈ ρn/2−εl/2lf ρn/2−εr/2rf s(n−1)/2−(εl+ıεr)/2C∞(Lˆ+).
The solution q
(0)
3 to the transport equation determines a Legendrian distribution
Q
(0)
3 ∈ ρ−εl/2lf ρ−εr/2rf s−(εl+εr)/2I−1/2,(n−2)/2;(n−1)/2,(n−1)/2(Mb,0; Lˆ+; sΦΩ1/2),
such that
PscQ
(0)
3 − Esc,2 = −E(1)2 ∈ ρ−εl/2lf ρ−εr/2rf s−(εl+εr)/2(log ρlf log s)2
I3/2,n/2;(n+3)/2,(n−1)/2(Mb,0; (L+, L]); sΦΩ1/2),
where (n+ 3)/2 is the vanishing order at lf and (n− 1)/2 is the vanishing order at rf.
For any k ∈ Z+, we want to find a Legendrian distribution
Q
(k)
3 ∈ ρ−εl/2lf ρ−εr/2rf s−(εl+εr)/2(log ρlf log s)2k
Ik−1/2,(n−2)/2;(n−1)/2,(n−1)/2(Mb,0; Lˆ+; sΦΩ1/2),
which solves the left equation above up to an error in
PscQ
(k)
3 − E(k)2 = −E(k+1)2 ∈ ρ−εl/2lf ρ−εr/2rf s−(εl+εr)/2(log ρlf log s)2(k+1)
Ik+3/2,n/2;(n+3)/2,(n−1)/2(Mb,0; (L+, L]); sΦΩ1/2).
This is done by solving a left transport equation of the form
−2ıτ
(
ρ˜∂ρ˜ + (−n/2 + k) + εl/2 + o(ρ˜)
)
q
(k)
3 = e
(k)
2 .
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The right hand side e
(k)
2 is the principal symbol of E
(k)
2 . Now we want the remainder
E
(k+1)
2 to be of order k + 3/2 at L+ and order (n+ 3)/2 at lf, this implies
e
(k)
2 ∈ ρ˜n/2−εl/2−k+1(log ρ˜)2kC∞(L+)
q
(k)
3 ∈ ρ˜n/2−εl/2−k(log ρ˜)2kC∞(L+).
By combining this with the right transport equation and using the vector field Vl +Vr, we
have an ODE of the form
− 2ıτ ′
(
− s∂s + (εl + εr)/2 + (−n− 1
2
+ k) + o(s)
)
q
(k)
3
∈ s(n+1)/2−k−(εl+εr)/2ρn/2−k+1−εl/2lf ρn/2−k−εr/2rf (log ρlf log s)2(k+1)C∞(Lˆ+).
We remark that there is one more order for s in this ODE than e
(k)
2 given in the symbol
map. It is because Vl + Vr vanishes on L
] such that the sum of the right hand side terms
of the two equations lies in
ρ
−εl/2
lf ρ
−εr/2
rf s
−(εl+εr)/2(log ρlf log s)2kIk+1/2,n/2+1;(n+3)/2,(n−1)/2(Mb,0, L+, L]; sΦΩ1/2).
The solution obeys
q
(k)
3 ∈ s(n−1)/2−k−(εl+εr)/2ρn/2−k−εl/2lf ρn/2−k−εr/2rf (log ρlf log s)2kC∞(Lˆ+)
as is required for the parametrix.
By asymptotically summing these correction terms, we obtain an approximation Gsc,3 =∑∞
k=0Q
(k)
2 to the resolvent such that
PscGsc,3 − Esc,2 = −Esc,3 ∈ ρ−εl/2lf ρ−εr/2rf s−(εl+εr)/2(log ρlf log s)∞
In/2+1;(n+3)/2,(n−1)/2(Mb,0, L]; sΦΩ1/2).
This means that the error at the scattering wavefront set at L+ has been solved away.
7.5. Error in L]. This step is to solve away the error at mf and lf, which L] lives over.
In addition to the last step of removing error at L+, we can further make the remainder
E3 vanish to infinite order at mf. By definition, the Legendrian distribution Q2, near
rf ∩mf, takes the form
eı/ρ
′
eı/ρρ(n−1)/2ρ′(n−1)/2ρ−εl/2lf ρ
−εr/2
rf s
−(εl+εr)/2
∑
k≥0
ρk(log s)2kC∞(Mb,0; sΦΩ1/2).
In this region, ρ = ρmf, ρ
′/ρ = ρrf, and ρ′ is the total boundary defining function.
It is easy to check that
Psc(e
ı/ρρ(n−1)/2) = eı/ρρ(n+3)/2.
This implies
Esc,3 ∼ eı/ρ′eı/ρρ(n+3)/2ρ′(n−1)/2ρ−εl/2lf ρ−εr/2rf s−(εl+εr)/2(log s)∞C∞(Mb,0; sΦΩ1/2),
near rf ∩mf. Such an error can be solved away by a term of the form
eı/ρ
′
eı/ρρ(n+1)/2ρ′(n−1)/2ρ−εl/2lf ρ
−εr/2
rf s
−(εl+εr)/2(log s)∞C∞(Mb,0; sΦΩ1/2).
We can repeat this procedure to make the error vanish in ρ to infinite order.
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It remains to remove the error at lf, (i.e. ρ˜ = 0 and τ = 1,) which amounts to solving
the transport equation(
− ıρ˜∂ρ˜ − ı(1/2 + n/2 + k − (2n)/4)− ıεl/2 + o(ρ˜)
)
q
(k)
4 = e
(k)
3 , for k ∈ N,
as the order of e
(k)
3 at L
] is n/2 + k and dimMb,0 = 2n. For k = 0, by the exact sequence
of Legendrian distributions, the symbol e
(0)
3 of E3, takes the form
ρ˜3/2ρ
−εl/2
lf ρ
−εr/2
rf s
−(εl+εr)/2(log ρlf log s)∞ρ∞mfC
∞(L]).
Then one can find a solution to the transport equation,
q
(0)
4 ∈ ρ˜−1/2ρ−εl/2lf ρ−εr/2rf s−(εl+εr)/2(log ρlf log s)∞ρ∞mfC∞(L]),
such that the Legendrian distribution
Q
(0)
4 ∈ ρ−εl/2lf ρ−εr/2rf s−(εl+εr)/2(log ρlf log s)∞ρ∞mfIn/2−1,(n−1)/2,(n−1)/2(Mb,0;L]; sΦΩ1/2).
Also since the application of Psc to Q
(0)
3 will give one more order of vanishing, it reduces
the remainder to
E
(1)
3 ∈ ρ−εl/2lf ρ−εr/2rf s−(εl+εr)/2(log ρlf log s)∞ρ∞mfIn/2+1+1;(n+3)/2,(n−1)/2(Mb,0;L]; sΦΩ1/2).
Inductively, if the remainder satisfies
E
(k)
3 ∈ ρ−εl/2lf ρ−εr/2rf s−(εl+εr)/2(log ρlf log s)∞ρ∞mfIn/2+k+1;(n+3)/2,(n−1)/2(Mb,0;L]; sΦΩ1/2),
then one can find a solution to the transport equation
q
(k)
4 ∈ ρ˜−1/2+kρ∞mfC∞(Mb,0;L]; sΦΩ1/2).
This gives a Legendrian distribution
Q
(k)
4 ∈ ρ−εl/2lf ρ−εr/2rf s−(εl+εr)/2(log ρlf log s)∞ρ∞mfIn/2+k−1,(n−1)/2,(n−1)/2(Mb,0;L]; sΦΩ1/2),
which reduces the remainder to
E
(k+1)
3 ∈ ρ−εl/2lf ρ−εr/2rf s−(εl+εr)/2(log ρlf log s)∞ρ∞mf
In/2+k+1;(n+3)/2+k+1,(n−1)/2(Mb,0;L]; sΦΩ1/2).
Taking an asymptotic sum yields a parametrix Gsc,4 =
∑
Q
(k)
4 and a remainder Esc
which is of the form
Esc ∈ eı/ρ′ρ(n−1)/2−εr/2rf ρ∞lf ρ∞mfs∞C∞(Mb,0; scΩ1/2).
Here s = ρ] is the defining function of L
].

8. The true resolvent
We have elucidated the parametrices in the b-regime and sc-regime separately. It re-
mains to address the behaviours of the resolvent kernel in the transitional region bf0. This
is all about the normal operators of P~ at bf0. Then we will be ready to obtain the true
resolvent from the parametrices.
In the b-regime, we have local coordinates {(s, r′, y, y′)} near bf0∩lb∩bf and a parameter
~ for Pb. The transitional face bf0 has a local defining function ~. The normal operator
of Pb at bf0 reads
Nbf0(Pb) = −(r∂r)2 + ∆h0 − r2(1 + ı0) + (1− n/2)2.
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Figure 8. The transitional face bf0 and the stretched double metric cones C
2
sc,b
In the sc-regime, we have local coordinates {(ρ˜, y, ρ′, y′)} near bf0 ∩ lf0 and a parameter
x for Psc. The transitional face bf0 has a local defining function x. The normal operator
of Psc at bf0 reads
Nbf0(Psc) = −(ρ2∂ρ)2 + (n− 1)ρ3∂ρ + ρ2∆h0 − (1 + ı0).
Recall the Laplacian ∆C on (C, g), having the global expression on C,
−∂2x −
(n− 1)
x
∂x +
∆h
x2
, for 0 < x <∞.
By making h = h0, r = x near the small end {x = 0} and ρ = 1/x near the big end
{x =∞}, we find
(25)
∆C − (1 + ı0) = r−1Nbf0(Pb)r−1 near {r = 0}
∆C − (1 + ı0) = Nbf0(Psc) near {ρ = 0} .
In summary, ∆C is the normal operator of P˜~ at the transitional region bf0.
8.1. The resolvent kernel on C. The equations (25) suggest ∆C is a b-differential oper-
ator near the small end {r = 0} and a sc-differential operator near the big end {r =∞}.
Hence the resolvent kernel lives in a stretched version of C2 to accommodate these features.
For this, we simultaneously blow up the two separate corners CC2,0 = {r = 0, r′ = 0} and
CC2,∞ = {ρ = ρ′ = 0},
C2b = [C
2;CC2,∞, CC2,0].
Subsequently, we perform the blow-up at the boundary at ∞ of the lifted diagonal diagC2b
of C2b ,
C2sc,b = [C
2
b ; ∂∞diagC2b ].
Figure 8 depicts the space C2sc,b. The dash line is the lifted diagonal diagC2sc,b
of C2sc,b. The
boundary at ∞ of this diagonal lifts to the face sc.
The space C2sc,b is indeed isometric to the transitional face bf0 in Msc,b,0. The three
faces created by the two fold blow-ups are viewed as the three boundaries of bf0 with
bf,mf, sc respectively, whilst the four side edges of the square C2 are linked to the four
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boundaries of bf0 with lb, rb, lb0, rb0 respectively. The dash curve separates the b-regime
and the sc-regime. To economize on notations, we still name these boundaries of C2sc,b
{lb, rb, lb0, rb0, bf,mf, sc},
which are isometric to the corners Msc,b,0,
{lb ∩ bf0, rb ∩ bf0, lb0 ∩ bf0, rb0 ∩ bf0,bf ∩ bf0,mf ∩ bf0, sc ∩ bf0}.
Moreover, there exist induced contact structures and Legendrian submanifolds L± and
L] over lb0∪ rb0∪mf ⊂ C2sc,b. This is inherited through the isometry from lb0∪ rb0∪mf ⊂
Msc,b,0. Then Legendrian distributions are analogously defined over lb0 ∪ rb0 ∪mf ⊂ C2sc,b
as we present in Section 5.
Guillarmou-Hassell-Sikora [13, Section 5] proved that the resolvent kernel (∆C − (1 +
ı0))−1 is the sum of full b-pseudodifferential operators, sc-pseudodifferential operators,
and Legendrian distributions. Specifically, the resolvent, in terms of our notations, reads
Theorem 18. Let χb and χsc be smooth bump functions on C
2
sc,b supported in a neigh-
bourhood of the b-regime and the sc-regime respectively, and also a partition of identity
χb + χsc = Id. The resolvent kernel RC of (∆C − (1 + ı0))−1 is a distribution on C2sc,b
consisting of,
• RC,b = χbRC is a distribution supported in the b-regime of C2sc,b such that
– RC,b is a full b-pseudodifferential operator conormal at order −2 to diagC2sc,b
and polyhomogeneous conormal to lb and rb with index set Eˆb,
– RC,b vanishes to order 2 at bf, n/2 at lb and rb, (n− 1)/2 at lb0 and rb0;
• RC,sc = χscRC is a distribution supported in the sc-regime of C2sc,b such that
– RC,sc is conormal to order −2 to the diagonal diagC2sc,b near the big end {ρ =
0},
– RC,sc, near the big end of diagC2b
in C2b (with sc blown down), is an intersecting
Legendrian distribution lying in
I−1/2(C2b ; (N
∗diagC2b , L
◦); scΩ1/2),
– RC,sc, near the intersection of mf∩rb0 or mf∩lb0, is an intersecting Legendrian
distribution lying in
I−1/2,(n−2)/2;(n−1)/2,(n−1)/2(C2sc,b; (L,L
]); sΦΩ1/2),
– RC,sc vanishes to order (n− 1)/2 at both lb0 and rb0.
8.2. The transitional parametrix. Combining the the parametrices Gb in the b-regime
and Gsc in the sc-regime, we have a remainder
P˜~(Gb +Gsc)− Id = −Eb − Esc ∈ ρ∞bfρ∞lb0ρ∞rb0Ψ−∞,(∞,Eˆb+1)(Msc,b,0; bΩ1/2)
+ eı/ρ
′
ρ
(n−1)/2−εr/2
rf ρ
∞
lf ρ
∞
mfρ
∞
] C
∞(Mb,0; scΩ1/2),
where lf = rb0 and rf = lb0 in the sc-regime.
We wish to further improve this remainder by making it vanish at bf0, i.e.
Proposition 19. There exists a transitional correction term Gtr supported around bf0,
lying in the space described in Proposition 16 and Proposition 17, which has an improved
remainder vanishing at bf0,
P˜~ ◦Gtr − Eb − Esc = −Etr ∈ ρ∞bf0ρ∞bf ρ∞lb0ρ∞rb0Ψ−∞,(∞,Eˆb+1)(Msc,b,0; bΩ1/2)
+ ρbf0e
ı/ρ′ρ
(n−1)/2−εr/2
rf ρ
∞
lf ρ
∞
mfρ
∞
] C
∞(Mb,0; scΩ1/2).
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Proof. This again amounts to solving the normal operator equation
Nbf0(P˜~) ◦ Nbf0(Gtr) = Nbf0(Eb + Esc).
Since Nbf0(P˜~) = ∆C − 1± ı0, this can be done by using Theorem 18.
In the b-regime, we take
Nbf0(Gtr,b) = RC,b ◦ Nbf0(Eb).
The restriction of Eb to bf0 satisfies
Nbf0(Eb) ∈ ρ∞bfρ∞lb0ρ∞rb0Ψ−∞,(∞,Eˆb+1)(bf0; bΩ1/2).
The calculus of full b-pseudodifferential operators, Proposition 6, gives that Nbf0(Gtr,b) is
polyhomogeneous conormal to lb and rb with an index set (Eˆb + 1, Eˇb + 1), and vanishes
to order 2 at bf, to order n/2 at lb and rb, to order (n− 1)/2 at lb0 and rb0. This agrees
with the boundary behaviours of Gb we have obtained, that is
Gtr,b ∈ ρ2bfρ(n−1)/2lb0 ρ
(n−1)/2
rb0
ρ
n/2
lb ρ
n/2
rb Ψ
−∞(bf0; bΩ1/2).
This procedure can be repeated infinitely many times to make the remainder vanish to
infinite order at bf0 in the b-regime.
In the sc-regime, the parametrix Gsc actually has included the region near bf0 but it
might not agree with RC,sc at bf0 ∩ (mf ∪ lf ∪ rf) due to the non-uniqueness of diffractive
waves. Therefore, we further take
Nbf0(Gtr,sc) =
(
RC,sc −Nbf0(Gsc)
) ◦ Nbf0(Esc),
which is a Legendrian distribution associated only with the diffractive Legendrian L]. The
restriction of the remainder Esc to bf0 is of the form,
Nbf0(Esc) ∈ eı/ρ
′
ρ
(n−1)/2−εr/2
rf ρ
∞
lf ρ
∞
mfρ
∞
] C
∞(bf0, scΩ1/2).
Then Nbf0(Gtr,sc) solves the normal operator equation with a remainder vanishing at bf0
but also lies in the space
ρ
−εr/2
rf I
(n−2)/2;(n−1)/2,(n−1)/2(bf0;L]; scΩ1/2),
which agrees with Gsc. Moreover, it vanishes to order (n− 1)/2 at lf and rf, which agrees
with the vanishing order of Gtr,b at rb0 and lb0.

8.3. From parametrix to resolvent. We are now ready to obtain the true resolvent.
Theorem 20. The resolvent kernel R of P~ is a distribution on Msc,b,0 consisting of
• Rb = χbR is supported near the b-regime {r < 1} ∪ {r′ < 1} and satisfies
– Rb is conormal of order −2 to diagb,
– Rb is polyhomogeneous conormal to both lb and rb and lies in the space
A(Eˆb+1,Eˇb+1)(Msc,b,0; bΩ1/2),
where the index sets Eˆb and Eˇb are defined by (21) and (15),
– Rb vanishes to order 2 at bf, to order n/2 at lb and rb, to order (n− 1)/2 at
lb0 and rb0, ;
• Rsc = χscR is supported near the sc-regime {ρ < 1} ∩ {ρ′ < 1} and satisfies
– Rsc is conormal of order −2 to diagsc,
– Rsc, near diagsc ∩mf, is intersecting Legendrian distributions associated with
the diagonal conormal bundle and geometric Legendrian L, lying in the space
I−1/2(Mb,0; (N∗diagsc, L
◦); scΩ1/2),
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– Rsc, near (lf ∩ mf) ∪ (rf ∩ mf), is intersecting Legendrian distributions asso-
ciated with the pair of geometric Legendrian L and diffractive Legendrian L]
explicitly given in (23) and (24), lying in the space
ρ
−εl/2
lf ρ
−εr/2
rf ρ
−(εl+εr)/2
] I
−1/2,(n−2)/2;(n−1)/2,(n−1)/2(Mb,0; (L,L]); sΦΩ1/2),
where εl = xe(x, y) and εr = x
′e(x′, y′),
– the additional oscillations
ρ
−εl/2
lf ρ
−εr/2
rf ρ
−(εl+εr)/2
]
of Rsc near lb0, rb0, L
] occurs (i.e. e 6≡ 0) if and only if the metric is of
non-product type (i.e. the boundary metric h(x, y, dy) is dependent of x).
– Rsc vanishes to (n− 1)/2 order at lf and rf.
Proof. Proposition 16 , Proposition 17, and Proposition 19 have constructed a parametrix
Gb +Gsc +Gtr with a remainder Etr. It remains to discuss the inversion of Id− Etr.
First of all, Id − Etr is not necessarily invertible in the sc-regime even though Etr is
a compact operator. Hassell-Vasy [16, Section 6.1] showed that this issue can be fixed
by adding to the parametrix a finite rank perturbation. The remainder Etr is a Hilbert-
Schmidt kernel on the weighted L2 space of the sc-regime, say ρlL2(C~; scΩ1/2) for any
l > (1 + e)/2 in virtue of the stability condition (1), where
C~ =
{ {(ρ, y) : (x, y) ∈ C, ~ ∈ [0, 1), ρ = ~/x}, when ~/x ≤ 1
{(r, y) : (x, y) ∈ C, ~ ∈ [0, 1), r = x/~}, when x/~ ≤ 1 .
One can choose ψi and φi such that {ρlψi} spans the null space of Id − Etr and {Pscφi}
spans the supplementary subspace to the range. Then we correct Gsc by adding a finite
rank perturbation Gsc,p =
∑
i φi〈ρ2lψi, ·〉, which results in an improved remainder such
that
Id− E = Id− Etr +
∑
(Psc(φi))〈ρ2lψi, ·〉.
is invertible on ρlL2(C~; scΩ1/2). Moreover, this correction term does not change the struc-
ture of the resolvent.
Since Id− E is invertible now, we can analyse the inverse
Id + S = (Id− E)−1.
The identity
Id = (Id− E)(Id + S) = (Id + S)(Id− E)
implies S is also Hilbert-Schmidt and
S = −E + E2 + ESE.
Recall that the remainder E lies in the space Db +Dsc, where
Db = ρ∞bf0ρ∞bfρ∞lb0ρ∞rb0A(∞,Eˆb+1)(Mb,0; bΩ1/2),
Dsc = ρbf0eı/ρ
′
ρ
(n−1)/2−εr/2
rf ρ
∞
lf ρ
∞
mfρ
∞
] C
∞(Mb,0; scΩ1/2).
It is worth to point out that we can view the remainder in the b-regime as living in Mb,0,
since the face sc is irrelevant. To consider the composition of the error terms, we need to
understand the composition (Db +Dsc) ◦ (Db +Dsc).
The terms Db ◦ Db ⊂ Db and Dsc ◦ Dsc ⊂ Dsc can be obtained simply by the calculus
of polyhomogeneous conormal distributions. It follows from the vanishing properties that
the cross terms obey Db ◦ Dsc ⊂ Dsc and Dsc ◦ Db ⊂ Db. Therefore −E + E2 also lies in
Db +Dsc.
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To analyse ESE, it is convenient to blow down Mb,0 to M but with both C replaced by
C~. The boundary defining functions of boundary faces of Mb,0 will be pushed forward as
follows.
(βb,0)∗ρlfρmf = 〈r〉−1, (βb,0)∗ρrfρmf = 〈r′〉−1, in the sc-regime;
(βb,0)∗ρlbρbf = r/〈r〉, (βb,0)∗ρrbρbf = r′/〈r′〉, in the b-regime;
(βb,0)∗ρlb0ρrb0ρbf0 = ~, in the b-regime.
The push-forward βb,0∗(E)(z, z
′) thus lies in the space
(26) ~∞
(
r
〈r〉
)∞
〈r〉−∞eı〈r′〉〈r′〉−(n−1)/2+εr/2
∑
(z,k)∈Eˆb+1
(
r′
〈r′〉
)z(
log
(
r′
〈r′〉
))k
C∞(C2~).
This distribution is weighted square integrable in the right variable, that is in the space
〈r′〉−lL2(C~).
Since S is Hilbert-Schmidt on 〈·〉−lL2(C~), the kernel of S(z′′, z′′′) has to lie in the space
〈%′′〉−l〈%′′′〉lL2(C2~) uniformly as ~→ 0.
The kernel of βb,0∗(ESE)(z, z
′) has the expression∫
(z′′,z′′′)∈C2~
(
βb,0∗(E)(z, z
′′)
)(
βb,0∗(S)(z
′′, z′′′)
)(
βb,0∗(E)(z
′′′, z′)
)
dg(z′′)dg(z′′′).
By Cauchy-Schwartz, this integral takes the form (26), i.e. ESE lies in Db +Dsc. Then S
in turn lies in Db +Dsc.
Finally, the desired true resolvent is
R = Rsc +Rb
Rsc = (Gsc +Gsc,p +Gtr,sc)(Id + S)
Rb = (Gb +Gtr,b)(Id + S).
The kernel of Gsc + Gsc,p + Gtr,sc and Gb + Gtr,b are distributions on Msc,b,0, whilst the
kernel of S is a distribution on C2~ . Denote G = Gsc +Gsc,p +Gb +Gtr. Both Msc,b,0 and
M are viewed as the projections of Msc,b,0 × C~, that is
piG(Msc,b,0 × C~) = Msc,b,0 and piS(Msc,b,0 × C~) = C2~ ,
where piG is a map which projects off the last variable from C~ and piS is the composition
of the blow-down βsc,b,0 = βsc ◦ βb ◦ β0 and the projection down to the right variables and
the variables from C~. Specifically, we write (z, z′′) ∈ βsc,b,0(Msc,b,0) and (z′′, z′) ∈ C2~ .
We pull back these distributions to the spaceMsc,b,0×C~ fromMsc,b,0 andM respectively.
The pullback pi∗G(G(z, z
′′)) does not change as they are irrelevant to the variable from C~.
But pi∗S(S(z
′′, z′)) will lift to a distribution of the form
ρ∞mfρ
∞
bfρ
∞
rbρ
∞
rb0e
ı〈r′〉〈r′〉−(n−1)/2+εr
∑
(z,k)∈Eˆb+1
(
r′
〈r′〉
)z(
log
(
r′
〈r′〉
))k
C∞(C2~).
The kernel of the composition G ◦ S(z, z′, ~) on Msc,b,0 has the expression∫
z′′∈C~
pi∗G
(
G(z, z′′)
)
pi∗S
(
S(z′′, z′)
)
dg(z′′).
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This actually makes a b-fibration from Msc,b,0 × C~ to Msc,b,0 by projecting off the middle
variables of C3~ (or the right variables of Msc,b,0). Since the polyhomogeneity and oscilla-
tions in r′ agree with the behaviour of G in right variables, the push-forward theorem [23,
Theorem 5] guarantees G ◦ S still lies in the space we have described in the theorem. 5

9. Application to Schro¨dinger equations
9.1. The Schro¨dinger propagator on C. Now let us consider the Schro¨dinger prop-
agator eıt∆C on a non-product conic manifold C with a single cone tip, which is viewed
as a local neighbourhood of X . By the spectral theorem of projection valued form, the
Schwartz kernel of eıt∆C reads,
eıt∆C =
∫
spec(∆C)
eıtλ
2
dE√∆C(λ),
where E•(λ) is the spectral projection corresponding to a self-adjoint operator •, dE•(λ)
is called the spectral measure of •, and this equation means
〈eıt∆Cψ,ψ〉 =
∫
spec(∆C)
eıtλ
2
d〈E√∆C(λ)ψ,ψ〉.
The limiting absorption principle relates the spectral measure to the resolvent of ∆C ,
dE√∆C(λ) =
λ
ıpi
((
∆C − (λ+ ı0)2
)−1 − (∆C − (λ− ı0)2)−1)dλ.
By combining this together with ∆C − (λ± ı0)2 = λ2P~(±ı0), we see
dE√∆C(λ) =
1
ıpi
(
P−1~ (+ı0)− P−1~ (−ı0)
)dλ
λ
.
For finite spectral parameters, Loya [22, Theorem 6.1] proved that (∆C − (λ ± ı0)2)−1
is meromorphic in C and has only finite rank singularities. Then the spectral measure
dE√∆C(λ) is also meromorphic and has only finite rank singularities. When the spectral
parameter goes to infinity, we have constructed the resolvent P−1~ (±ı0), as in Theorem 20.
The subtraction in the limiting absorption principle cancels out the diagonal singularities.
Therefore the spectral measure is distributions defined on Mb,0, satisfying
• χbdE√∆C(λ) is a conormal distribution to lb and rb, vanishing at lb0, rb0, and bf0;• χscdE√∆C(λ) is intersecting Legendrian distributions with conic points, microlo-
cally supported in the Legendrian pair L˜, vanishing at lf and rf.
Hence it is convenient to decompose the Schro¨dinger propagator into cut-off operators,
eıt∆Clow =
∫
χ{λ<2}eıtλ
2
dE√∆C(λ),
eıt∆Chigh =
∫
χ{λ>1}eıtλ
2
dE√∆C(λ),
where χ{λ>1} ∈ C∞c ({λ > 1}) and χ{λ<2} ∈ C∞c ({λ < 2}) such that χ{λ<2} + χ{λ>1} = 1.
It follows that the low energy cut-off eıt∆Clow is a bounded operator both from L
2(C) to
L2(C) and L1(C) to L∞(C) uniformly in t.
5The error term G ◦ S is actually better than G. Since the infinite order vanishing at rf of pi∗SS, we
conclude that G ◦ S does not have the Legendrian structure over rf. But this is not important here.
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The high energy cut-off eıt∆Chigh is more involved. We encounter two hurdles. On the one
hand, the spectral measure will have the conic singularities near L] ∩ L. On the other
hand, the expression of the Schro¨dinger propagator transforms the spectral parameter λ
to the time parameter t. Unlike the resolvent and the spectral measure, one has to employ
the quadratic scattering cotangent bundle to describe the Schro¨dinger propagator in the
phase space.
However, understanding this finer structure does not seem necessary for our purpose.
Instead, we shall adopt the classical TT ∗ approach and Keel-Tao’s endpoint method to
establish Strichartz estimates. This can be achieved by (micro)localizing the spectral
measure around the diagonal as in [14, 18].6
9.2. Microlocalization and the microsupport. The microlocalization refers to the
refined localization on cotangent bundles by introducing smooth cut-offs also on fibre
variables not only physical variables.
The microsupport is useful to formulate the microlocalization by the conjugation. The
microsupport of a distribution is defined by negating the right fibre variables of its wave-
front set. Specifically, given a distribution u in the sc-regime, we say q′ = (z, z′, ζ, ζ ′) lies
in the microsupport WF ′sc(u) if and only if q = (z, z′, ζ,−ζ ′) lies in the wave front set
WFsc(u).
For a Legendrian distribution U associated with a Legendrian L, its scattering wavefront
set WFsc(U) is contained in L. Then the scattering microsupport WF
′
sc(U) is contained
in L′ = {q′ : q ∈ L}.
For a scattering pseudodifferential operator Q, its scattering wavefront set WFsc(U) is
contained in N∗diagsc = {(ρ, y, ρ, y, τ, µ,−τ,−µ)}. Since both left and right projections
to the single space are diffeomorphisms,
piL : (ρ, y, ρ
′, y′, τ, µ, τ ′, µ′)→ (ρ, y, τ, µ)
piR : (ρ, y, ρ
′, y′, τ, µ, τ ′, µ′)→ (ρ′, y′, τ ′, µ′),
we can view the scattering microsupport WF′sc(Q) as a subset of {(ρ, y, τ, µ)} in the left
space, and the scattering microsupport WF′sc(Q∗) as a subset of {(ρ′, y′, τ ′, µ′)} in the
right space where the fibre variables are negated.
Conjugating Legendrian distributions U by a sc-pseudodifferential operator Q, we can
microlocalize the Legendrian distributions, in terms of the microsupport of Q and U ,
WF′sc(QU) ⊂ pi−1L WF′sc(Q) ∩WF′sc(U)(27)
WF′sc(UQ
∗) ⊂ pi−1R WF′sc(Q∗) ∩WF′sc(U)(28)
WF′sc(QUQ
∗) ⊂ pi−1L WF′sc(Q) ∩WF′sc(U) ∩ pi−1R WF′sc(Q∗).(29)
9.3. The conjugated spectral measure. Consider the conjugation of the spectral mea-
sure, Qα(λ)dE√∆C(λ)Q
∗
α(λ), by a family of pseudodifferential operators {Qα(λ)}α. In light
of (29), we can view this as the desired (micro)localized spectral measure by choosing the
support of every Qα(λ) sufficiently small in the physical space as well as in the phase
space. Consequently, Qα(λ)dE√∆C(λ)Q
∗
α(λ) will have to be supported in a deleted neigh-
bourhood of the diagonal. In particular, we can make them supported away from the
conic points in the sc-regime. This significantly simplifies the microlocal structure in the
6Apart from removing conic singularities, the microlocalization on asymptotically conic manifolds in
[14, 18] also aims to avoid the potential conjugate points near the infinity. However, such an issue does
not arise near the cone tip, since the geodesics are all simple here.
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sc-regime, as Qj(λ)dE√∆C(λ)Q
∗
j (λ) is a Legendrian distribution microlocally supported
only on the geometric Legendrian L.
Specifically, we shall prove that
Proposition 21. For λ > 1, there exists a finite collection of pseudodifferential operators
{Qα(λ)}α∈{b,tr,0,1,··· ,N} such that it makes a finite partition of identity on L2(C),
Id = Qb(λ) +Qtr(λ) +Q0(λ) +
N∑
j=1
Qj(λ),
and the kernel of each conjugated spectral measure on M = C2 × [0, 1) takes the form
Qα(λ)dE√∆C(λ)Q
∗
α(λ)(z, z
′) = λn−1+e/2
(∑
±
e±ıλdC(z,z
′)a±(z, z′, λ) + b(z, z′, λ)
)
,
where e is defined in (10) for a single tip, dC(·, ·) is the distance function on C and the
amplitudes satisfy the size estimates
|∂kλa±(λ, z, z′)| . λ−k(1 + λdC(z, z′))−(n−1)/2,(30)
|∂kλb(λ, z, z′)| . (1 + λdC(z, z′))−K , for any K ∈ N.(31)
Proof. We apply the ideas from [14, Theorem 1.13] and its improvement [18, Proposition
1.5] to our analysis on Mb,0.
Partition of identity. Before showing the estimates, we start from elucidating how we
find the partition of identity {Qα(λ)}α. We view these pseudodifferential operators as
operators compactly supported on C with a parameter ~ = 1/λ. Then the conjugation
Qα(λ) •Q∗α(λ) is viewed as a restriction to a neighbourhood of the diagonal in Mb,0. The
diagonal of Mb,0 is a submanifold which intersects the faces {bf,bf0,mf}. However, bf0 is
viewed as the interior since both 0 < r <∞ and 0 < r′ <∞.
First of all, we divide C, with a parameter ~ ∈ [0, 1), into three overlapping parts,
Cb = {r = x/~ < }
Ctr = {r = x/~ ≥ /2} ∩ {ρ = ~/x ≥ /2}
Csc = {ρ = ~/x < }
for some sufficiently small  > 0. Then there exists a partition of identity on C,
Id = Qb(λ) +Qtr(λ) +Qsc(λ),
with 0-th degree pseudodifferential operatorsQb(λ), Qtr(λ), Qsc(λ) supported in Cb, Ctr, Csc.
This leads to the following consequences :
• the conjugation Qb(λ) •Q∗b(λ) on Mb,0 is supported in a neighbourhood of bf,
• the conjugation Qtr(λ) •Q∗tr(λ) on Mb,0 is supported away from the boundaries,
• the conjugation Qsc(λ) •Q∗sc(λ) on Mb,0 is supported in a neighbourhood of mf.
Furthermore, we want to refine the decomposition near mf to make the conjugation
near mf away from the diffractive Legendrian L] i.e. remove the conic singularities occur
at L] ∩ L. To accomplish this, we need to work on the phase space restricted to {ρ < }.
Recall, from (23) and (24), that the geometric Legendrian is contained in the characteristic
variety of Psc,
{(ρ, y, τ, µ) : ρ = 0, τ2 + hijµiµj = 1},
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whilst the conic singularities of the resolvent and spectral measure occur on (mf ∩ lf) ∪
(mf ∩ lf) ⊂Mb,0, in terms of microsupport, at
(L])′ ∩ L′ = {(ρ˜, y, y′, τ, τ ′, µ, µ′) : µ = µ′ = 0, τ = ±1, τ ′ = ∓1} ⊂WF′sc(dE√∆C).
Hence we decompose T ∗{ρ<}C into the following overlapping subsets
I0 = {(ρ, y, τ, µ) : ρ < , τ2 + hijµiµj ≤ 1− /2 or τ2 + hijµiµj ≥ 1 + /2},
Ij = {(ρ, y, τ, µ) : ρ < , 1−  < τ2 + hijµiµj < 1 + , τ ∈ Ij},
where we write
{τ ∈ R : 1−  < τ2 < 1 + } =
N⋃
j=1
Ij with open connected intervals |Ij | <  < 1.
Then we choose a partition of Qsc(λ),
Qsc(λ) = Q0(λ) +
N∑
j=1
Qj(λ)
such that Q0(λ) and Qj(λ) are pseudodifferential operators with a microsupport contained
in I0 and Ij . In virtue of (29), the gain of such a decomposition is
• the conjugation Q0(λ) • Q∗0(λ) on Mb,0 is microlocally supported away from the
characteristic variety of Psc and thus a smooth function,
• the microsupport of the conjugation Qj(λ) •Q∗j (λ) on Mb,0 is away from (L])′, as
|τ − τ ′| ≤ |Ij | < , i.e. Qj(λ) • Q∗j (λ) is microlocally supported away from the
diffractive Legendrian L].
Distance function on C. Since C is bounded and features only simple geodesics, the explicit
distance function for two points z = (x, y) and z′ = (x′, y′) sufficiently close in (C, g) reads
dC(x, y, x′, y′) =
√
x2 + x′2 − 2xx′ cos dY (y, y′)
= ~
√
r2 + r′2 − 2rr′ cos dY (y, y′)
= ~
√
1/ρ2 + 1/ρ′2 − 2 cos dY (y, y′)/(ρρ′),
if we use r = ρ−1 = x/~ and r′ = ρ′−1 = x′/~. In the projective coordinates {(r˜ = r/r′ =
x/x′, y, r′ = x′/~, y′)}, the distance function lifts to,
db(r˜, y, r
′, y′, ~) = ~r′
√
r˜2 + 1− 2r˜ cos dY (y, y′),
near bf in the b-regime. In the projective coordinates {(ρ˜ = ρ/ρ′ = x′/x, y, ρ = ~/x, y′)},
the distance function lifts to,
dsc(ρ, ρ˜, y, y
′, ~) =
~
ρ
√
1 + ρ˜2 − 2ρ˜ cos dY (y, y′),
near mf in the sc-regime.
Conjugation by Qtr(λ). This conjugationQtr(λ)dE√∆C(λ)Q
∗
tr(λ) is localized in the interior
of Mb,0,
{r ≥ /2} ∩ {r′ ≥ /2} ∩ {ρ ≥ /2} ∩ {ρ′ ≥ /2} ⊂Mb,0.
These restrictions guarantee (1 + λdC(z, z′))−K is bounded from below. In the meantime,
the conjugated spectral measure Qtr(λ)dE√∆C(λ)Q
∗
tr(λ) is a smooth Riemannian half
density of the form
f |rn−1r′n−1drdydr′dy′|1/2dλ
λ
= λn−1fxn−1x′n−1|dxdydx′dy′|1/2dλ,
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for some f ∈ C∞c (M). So Qtr(λ)dE√∆C(λ)Q∗tr(λ) is of the form λn−1b(z, z′, λ) and (31)
holds.
Conjugation by Qb(λ). This conjugation Qb(λ)dE√∆C(λ)Q
∗
b(λ) is localized in a neighbour-
hood of bf in the b-regime,
{r < } ∩ {r′ < } ⊂Mb,0.
In this region, (1+λdC(z, z′))−K is likewise bounded from below. The conjugated spectral
measure Qb(λ)dE√∆C(λ)Q
∗
b(λ) is a distribution on Mb,0 polyhomogeneous conormal to lb
and rb. Hence it takes the form∑
(zl,kl)∈Eˆb+1
ρzllb(log ρlb)
kla(zl,kl)(ρlb, y, r
′, y′, ~)
∣∣∣∣dρlbdydr′dy′ρlbr′
∣∣∣∣1/2dλλ away from rb,
∑
(zr,kr)∈Eˇb+1
ρzrrb(log ρrb)
kra(zr,kr)(r, y, ρrb, y
′, ~)
∣∣∣∣drdydρrbdy′rρrb
∣∣∣∣1/2dλλ away from lb.
The blow down from Mb,0 to M pushes Qb(λ)dE√∆C(λ)Q
∗
b(λ) forward to∑
(zl,kl),(zr,kr)
xzl(log x)klx′zr(log x′)kra(zl,kl,zr,kr)(x, y, x
′, y′, ~)
χ{x<~,x′<~}
xn/2x′n/2
|dgdg′|1/2dλ
λ
.
Then the conditions x < ~, x′ < ~ yield that Qb(λ)dE√∆C(λ)Q
∗
b(λ) also takes the form
λn−1b(z, z′, λ) with the amplitude estimates (31).
Conjugation by Q0(λ). This conjugation Q0(λ)dE√∆C(λ)Q
∗
0(λ) is localized in a neighbour-
hood of mf in the sc-regime in the physical space Mb,0,
{ρ < } ∩ {ρ′ < } ⊂Mb,0.
However, in the phase space level, it is microlocalized only in the elliptic region of Psc,
{ρ < , ρ′ < , σ∂(Psc) ≤ −/2} ∪ {ρ < , ρ′ < , σ∂(Psc) ≥ /2} ⊂ scT ∗Mb,0,
where σ∂(Psc) = τ
2 + hijµiµj − 1. Therefore, Q0(λ)dE√∆C(λ)Q∗0(λ) is a smooth section
of the sc-half density on Mb,0.
We can write the conjugated spectral measure as
Q0(λ)dE√∆C(λ)Q
∗
0(λ) = T1 + T2 + T3 + T4
T1 = dE√∆C(λ)
T2 = −(Id−Q0(λ))dE√∆C(λ)
T3 = −dE√∆C(λ)(Id−Q∗0(λ))
T4 = (Id−Q0(λ))dE√∆C(λ)(Id−Q∗0(λ)).
Since WFsc(Q0(λ)) ∩WFsc(dE√∆C(λ)) = ∅, the microlocalizing property (27) shows that
T1 + T2 and T3 + T4 vanish to infinite order at lf and mf, whilst (28) proves that T1 + T3
and T2 +T4 vanish to infinite order at lf and mf. Therefore Q0(λ)dE√∆C(λ)Q
∗
0(λ) vanishes
to infinite order at lf, rf and mf. Then it is obvious that Q0(λ)dE√∆C(λ)Q
∗
0(λ) takes the
form λn−1b(z, z′, λ) with b satisfying (31).
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Conjugation by Qj(λ). Every conjugation Qj(λ)dE√∆C(λ)Q
∗
j (λ) is microlocalized in a
neighbourhood of the interior of L \ L] over mf ∪ lf ∪ rf in the sc-regime.
The geometric Legendrian is the geodesic flow emanating from the intersection of the
diagonal conormal bundle N∗diagsc with the characteristic variety of Psc over mf,
∂0L = {(ρ˜, y, ρ′, y, τ, µ,−τ,−µ) : ρ˜ = 1, ρ′ = 0, τ2 + hijµiµj = 1}.
As a boundary of L, ∂0L doesn’t project diffeomorphically to the base. Since the geodesics
in C are all simple i.e. the exponential map is a diffeomorphism, L\∂0L projects diffeomor-
phically to the base. Furthermore, the proof of [14, Proposition 6.2, Lemma 6.4, Lemma
6.5] and [18, Proposition 2.6] can be used verbatim to elucidate the Legendrian structure.
Lemma 22. The Legendrian pair (N∗∂diagsc, L) has a clean intersection ∂0L. The pro-
jection pi : L→ mf satisfies that
• pi is a diffeomorphism on L \ ∂0L,
• det dpi vanishes to order n− 1 at ∂0L.
It follows that the geometric Legendrian L is furnished with local coordinates,
• (ρ˜, y, y′) away from ∂0L,
• (y,w1, k2, · · · , kn), in a deleted neighbourhood of ∂0L, where w = (ρ˜ − 1, y − y′)
and k is the dual coordinates on the fibre of scT ∗mfMb,0. Here we need relabel the
components of w and k variables to ensure dk1 vanishes at a point in ∂0L, as dpi
is not of full rank.
Consequently, the geometric Legendrian is parametrized,
• away from ∂0L, by the distance function dsc(ρ, ρ˜, y, y′, ~)
• in a deleted neighbourhood of ∂0L, by a function Φ(y,w, v) with v = (v2, · · · , vn) ∈
Rn−1 such that
dvjΦ(y,w, v) = wj +O(w1),(32)
Φ(y,w, v) =
n∑
j=2
vjdvjΦ(y,w, v) +O(w1),(33)
d2vjvkΦ(y,w, v) = w1Ajk(y,w, v), with a non-degenerate matrix (Ajk)jk,(34)
Φ(y,w, v)/ρ = ±λdsc(ρ, ρ˜, y, y′, ~), when dvΦ = 0.(35)
Finally, the conjugated spectral measure Qj(λ)dE√∆C(λ)Q
∗
j (λ) is a Legendrian distribu-
tion lying in ρ
−εl/2
lf ρ
−εr/2
rf I
−1/2,n/2,n/2(Mb,0;L \L]; scΩ1/2) tensored with dλ/λ and has the
microlocal expression, away from rf,
• when the conjugation Qj(λ) •Q∗j (λ) is microlocally supported away from a neigh-
bourhood of ∂0L,
(36) ρ−1/2+n/2ρ˜−εl/2eı±λdsc(ρ,ρ˜,y,y
′,~)a˜(ρ˜, y, ρ′, y′, ~)
|dρdρ′dydy′|1/2
ρ(n+1)/2ρ′(n+1)/2
dλ
λ
,
where a˜(ρ˜, y, ρ′, y′, ~) is a compactly supported smooth function in the sc-regime,
• when the conjugation Qj(λ) • Q∗j (λ) is microlocally supported in a deleted neigh-
bourhood of ∂0L,
(37) ρ−1/2−(n−1)/2+n/2
∫
Rn−1
eıΦ(y,w,v)/ρa˜(ρ, y,w, v, ~)dv
|dρdρ′dydy′|1/2
ρ(n+1)/2ρ′(n+1)/2
dλ
λ
,
where a˜(ρ, y,w, v, ~) is a compactly supported smooth function in the sc-regime.
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Now we consider the estimates for the conjugated spectral measure of type (36). Such
an expression we choose implies that we live in the sc-regime near mf ∩ lf, i.e. ρ˜ → 0.
Using the local expression of the distance function dsc, we see that the factor ρ
−1/2+n/2 is
bounded from above by
ρ−1/2+n/2 . (1 + 1/ρ)−(n−1)/2 . (1 + λdsc(ρ, ρ˜, y, y′, ~))−(n−1)/2.
We thus take a± = ρ(n−1)/2a˜, which satisfies the amplitude estimates (30).
We now blow down Mb,0 to M = {(z, z′, ~)} and change ~ to λ−1 as we need. It follows
that (36) is pushed forward to,
λn−1eı±λdC(z,z
′)x′−εl/2˜˜a(z, z′, λ)x(n−1)/2x′(n−1)/2|dxdx′dydy′|1/2dλ.
The factor x(n−1)/2x′(n−1)/2|dxdx′dydy′|1/2 gives a Riemannian half density factor |dg|1/2,
and the stability condition (1) implies x′−εl/2 ≤ λe/2 with e defined in (10). It follows
that we get an oscillatory function λn−1+e/2e±ıλdC(z,z′)a± up to a smooth function.
The other type (37) also takes the form λn−1e±ıλdC(z,z′)a± but it needs a bit more work
due to the complication of the Legendrian structure at the intersection with the diagonal.
Recall that we now live in a small neighbourhood of ∂0L. In a small neighbourhood of
{w = 0}, we have |w|/ρ ∼ λdC(z, z′). In fact, it is easy to deduce that
|w|
ρ
=
1
ρ
√
(
ρ
ρ′
− 1)2 + (y − y′)2
=
√
1
ρ2
+
1
ρ′2
− 2
ρρ′
(1− ρ
′
2ρ
(y − y′)2)
∼
√
1
ρ2
+
1
ρ′2
− 2
ρρ′
cos dY (y, y′)
= λdC(z, z′)
If we blow down to M again,7 the distribution (37) is pushed forward to
λn−1
(∫
Rn−1
eıΦ(y,w,v)/ρa˜(ρ, y,w,v, λ)dv
)
x(n−1)/2x′(n−1)/2|dxdx′dydy′|1/2dλ.
We complete the proof of the proposition by doing estimates for the integral in the paren-
theses in three cases.
(a) |w| . ρ. This condition implies λdC(z, z′) . 1, i.e. (1 +λdC(z, z′))−K is bounded from
below by a positive constant. Then the amplitude estimate for b is clearly satisfied
when k = 0. For k > 0, it suffices to show
(λ∂λ)
k
(∫
Rn−1
eıΦ(y,w,v)/ρa˜(ρ, y,w,v, λ)dv
)
. 1.
If the derivative λ∂λ hits the amplitude, it affects nothing. If it acts on the oscillatory
term once, by (33) it will create a factor of
Φ/ρ = v · dvΦ/ρ+O(w1/ρ).
Noting
v · dvΦ
ρ
eıΦ/ρ = −ıv · dveıΦ/ρ,
we perform integration by parts and get a finite integral.
7Even though we no longer live in the stretched spaces, we still adopt the notations ρ = 1/(λx) and
w = (x′/x− 1, y − y′) for the sake of convenience.
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(b) |w| & ρ and |w| & |w1|. In light of (32), we have dviΦ 6= 0. Choose i such that
|dviΦ| & |w|. When k = 0, by using
eıΦ/ρ =
(
ρdvj
ıdvjΦ
)k
eıΦ/ρ,
we make integration by parts in v and obtain a finite integration, multiplied by the
factor (ρ/|w|)K for any K ∈ Z+. This is bounded from above by (1 + |w|/ρ)−K . If
we blow down to M , this quantity is equivalent to (1 + λdC(z, z′))−K . When k > 0,
the derivatives are treated similarly to Case (a).
(c) |w| ∼ |w1| and |w1| ≥ ρ. It suffices to prove for k ∈ N,
(λ∂λ)
k
(∫
Rn−1
eıωΦ˜a(z, z′,v, λ)dv
)
. ω−(n−1)/2,
where ω = λx|w1| and Φ˜ = |w1|−1(Φ(x′/x, y, y′,v) ∓ x−1dC(z, z′)). Under (35) and
(34), this oscillatory integral estimates were proved by a finer integration by parts
argument. See [18, 4-3].

9.4. Local Strichartz estimates on C. The exponent pair (q, r) is said to be sharp
σ-admissible if it satisfies
q, r ≥ 2, (q, r, σ) 6= (2,∞, 1), 1
q
+
σ
r
=
σ
2
.
In particular, (q, r) is said to be Schro¨dinger admissible if it is sharp n/2-admissible as
mentioned in the introduction.
Using Proposition 21, we can establish Strichartz estimates on C,
(38) ‖eıt∆f‖Lq([0,1);Lr˜(C)) . ‖f‖L2(C),
for any sharp (n/2 + e/4)-admissible pair (q, r˜).
This can be done by showing the following dispersive estimates and energy estimates
for conjugated Schro¨dinger propagators from corresponding conjugated spectral measure,
Proposition 23. Suppose {Qα(λ)}α is a finite partition of identity as in Proposition 21
and write
Uα(t) =
∫
λ>1
eıtλ
2
Qα(λ)dE√∆C(λ).
Then the Schro¨dinger propagator conjugated by Qα(λ) features the factorization,
(39)
∫
λ>1
eıtλ
2
Qα(λ)dE√∆C(λ)Q
∗
α(λ) = Uα(t)U
∗
α(t),
and uniformly obeys energy estimates
(40) ‖Uα(t)f‖L2(C) . ‖f‖L2(C),
as well as dispersive estimates for small times 0 < t < 1,
(41) ‖Uα(t1)U∗α(t2)f‖L∞(C) . |t1 − t2|−n/2−e/4‖f‖L1(C).
Given Proposition 21, the proof of (39), (40) and (41) has little to do with the conic
geometry but is purely an analysis argument. We can employ the proof for [18, Proposition
5.1, Lemma 5.3, Proposition 6.1] verbatim.
Given (40) and (41) as well as the energy and dispersive estimates for eıt∆Clow , Keel-Tao
endpoint method [21, Theorem 1.2] leads to that
‖Uα(t)f‖Lq([0,1);Lr˜(C)) . ‖f‖L2(C) for each α,
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‖eıt∆Clow f‖Lq([0,1);Lr˜(C)) . ‖f‖L2(C).
Since {Qα(λ)}α is a finite partition of identity, (38) results from
eıt∆C = eıt∆Chigh + e
ıt∆C
low and e
ıt∆C
high =
∑
α
Uα(t).
Let W k,p(C) be the usual p-Sobolev space on C, that is
W k,p(C) =
{
f ∈ Lp(C) :
[k]∑
l=0
‖∂lf‖Lp(C) +
(∫
C2
|f(z)− f(z′)|p
|z − z′|[k]p+n dg(z)dg(z
′)
)1/p
<∞
}
.
The classical Sobolev embedding theorem can be extended to C (See [1, Theorem 5.4]),
that is
W k1,p1(C) ⊂W k2,p2(C), for 1
p1
− k1
n
=
1
p2
− k2
n
.
This allows us to rewrite (38) as Schro¨dinger admissible Strichartz estimates with a loss.
Suppose (q, r) is Schro¨dinger admissible. It follows that
n/2 + e/4
r˜
− n/2
r
=
e
8
.
Then it is immediate from Sobolev embeddings and (n/2 + e/4)-admissibility that
(42) ‖eıt∆f‖Lq([0,1);W−k,r(C)) . ‖f‖L2(C),
with k defined in (9).
9.5. Global Strichartz estimates on X .
Proof of Theorem 2. To employ local estimates (38), we choose a finite partition of unity
1 =
∑m
i=0 χi on X such that
• each χi for i = 1, · · · ,m, is a smooth function compactly supported within Ci and
equal to 1 on Ki,
• χ0 is a smooth function supported within X \
⋃m
i=1Ki and equal to 1 on X \
⋃m
i=1 Ci.
Now we denote ui = χiu for i = 0, 1, · · · ,m. Applying the Schro¨dinger operator to each
ui gives the Cauchy problem for inhomogeneous Schro¨dinger equations,{
ı∂tui(t, z) + ∆Xui(t, z) = vi(t, z)
ui(0, z) = χif(z)
,
where vi(t, z) = [∆X , χi]u(t, z).
We write ui = u
′
i + u
′′
i , such that
• u′i is the solution to {
ı∂tu
′
i(t, z) + ∆Xu
′
i(t, z) = 0
u′i(0, z) = χif(z)
;
• u′′i is the solution to{
ı∂tu
′′
i (t, z) + ∆Xu
′′
i (t, z) = vi(t, z)
u′′i (0, z) = 0
.
Semiclassical Resolvent on Conic Manifolds 49
By (42) and Strichartz estimates on Rn, we know,
‖eıt∆Xu′i‖Lq([0,1);W−k,r(X )) . ‖χif‖L2(X ),
where (q, r) is Schro¨dinger admissible.
Then it remains to deal with u′′i . Duhamel’s principle yields that
u′′i (t, z) =
∫ t
0
e−ı(t−s)∆X vi(s, z)ds = e−ı∆i
∫ t
0
eıs∆ivi(s, z)ds,
where ∆0 = ∆Rn and ∆i = ∆Ci for i = 1, · · · ,m. By (38) and Strichartz estimates on Rn,
it suffices to show ∥∥∥∥∫ t
0
eıs∆ivi(s, z)ds
∥∥∥∥
L2(X )
. ‖f‖L2(X ).
Christ-Kiselev’s lemma [8, Theorem 1.2] further reduces this inequality to∥∥∥∥∫ 1
0
eıs∆ivi(s, z) ds
∥∥∥∥
L2(X )
. ‖f‖L2(X ).
Now we need the local smoothing estimates (12) and dual local smoothing estimates∥∥∥∥∫ 1
0
eıs∆XχF (s, z) ds
∥∥∥∥
L2(X )
. ‖F‖L2(R,D−1/2(X )),
as [∆X , χi] is a differential operator of order 1 supported within
⋃m
j=1 Cj\K◦j . Consequently,
we obtain ∥∥∥∥∫
R
eıs∆ivi(s, z) ds
∥∥∥∥
L2(X )
. ‖vi‖L2(R,D−1/2(X )).
In addition, vi satisfies
‖vi‖L2(R,D−1/2(X )) . ‖ui‖L2(R,D1/2(X )).
Therefore the proof of the theorem will be finished by a finial application of local smoothing
estimates to ui
‖ui‖L2(R,D1/2(X )) . ‖f‖L2(X ).

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